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A B S T R A C T   

Understanding natural mechanisms of maintaining diversity is a crucial pre-requisite for successfully mitigating 
adverse effects of climate change such as the loss of diversity. To make such an understanding possible, both 
experiments and an effective, continued monitoring of diversity are required. Recently spatial measures of plant 
diversity have greatly contributed to the quality of diversity monitoring. In this article, we first reviewed existing 
principles of nearest-neighbour index construction and on this basis introduced a new spatially explicit size 
diversity index that is based on trigonometry, i.e. the hyberbolic tangent index. We discussed the index’ 
mathematical reasoning by explaining its relationship to individual-based modelling and to other size diversity 
construction principles. Then we demonstrated the usefulness of the hyperbolic tangent index in indicating 
important interspecific relationships in mixed-species forest ecosystems. As part of studying the behaviour of the 
new size diversity construction principle we additionally found that there is a high correlation between the 
hyberbolic tangent index and absolute growth rates, i.e. the index is suitable both as a diversity and a compe
tition index. Finally a detailed correlation analysis in a Norway spruce forest ecosystem with tree densities 
between 590 and 3800 trees per hectare made us understand that in most cases 7–10 neighbours are sufficient to 
consider when calculating the hyperbolic tangent index for explaining absolute growth rates. When using the 
index as an indicator of plant diversity only, smaller numbers of nearest neighbours may suffice. The index is 
straightforward to apply even, if the monitoring system used involves small circular sample plots.   

1. Introduction 

The analysis of plant species and size diversity offers great insight 
on the natural maintenance of biodiversity. The ecological insurance 
hypothesis, for example, states that biodiversity promotes greater in
surance when communities allow for some functional redundancy of 
species in favourable environmental conditions (Yachi and Loreau, 
1999; Matias et al., 2013) and is directly related to the provision of 
ecosystem goods and services as well as to ecosystem resilience (Perry 
et al., 2008). Often different species populations of the same ecosystem 
have distinctively different size ranges leading to species-size correla
tions (Wang et al., 2020; Pommerening et al., 2020). Much to our 
current concern, ongoing climate change is decreasing biodiversity on 
Earth at an unprecedented rate and effective monitoring of biodiversity 
is an essential pre-requisite for mitigating adverse effects (Krebs, 1999;  
Magurran, 2004). 

Monitoring species diversity has a particularly long tradition 
(Gaston and Spicer, 2004) and the beginnings of measuring size di
versity are much more recent (Ford, 1975; Weiner and Solbrig, 1984), 
where frequent semi-synonyms of size diversity include size inequality 
and size dominance. However, recent research has shown that spatial 
species and size diversity are much related and should be studied si
multaneously (Pommerening and Uria-Diez, 2017; Wang et al., 2020;  
Pommerening et al., 2020). The uptake of point process statistics in 
quantifying spatial diversity has considerably improved our ability to 
identify spatio-temporal processes involved in the formation of plant 
diversity patterns and has contributed to a better understanding of the 
dynamics of plant diversity (Illian et al., 2008; Wiegand and Moloney, 
2014; Pommerening and Grabarnik, 2019). 

There are two main methods of constructing measures of spatial 
diversity, nearest neighbour (NN) and second-order methods. With both 
approaches, usually Euclidean distance is used to define spatial scales 
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and relationships, but other distance definitions are also possible. As 
part of the nearest-neighbour approach, first a local index value is 
calculated for each plant based on the information derived from every 
plant itself and its neighbourhood. This index value describes the spa
tial diversity in the immediate vicinity of each individual, i.e. in its local 
neighbourhood (Rajala and Illian, 2012). Every plant within a given 
research plot acts once as subject or focus plant i. In this local index, the 
sizes of neighbouring plants need to be related to each other.  
Pommerening and Grabarnik (2019, p. 113) identified four principle 
methods, i.e. size ratio, size comparison, size difference and size product for 
relating the sizes of subject plants and nearest neighbours. The names of 
these methods are descriptors and give away the method: In most cases 
basic mathematical operations are used to relate the size of neigh
bouring plants to each other such as dividing, subtracting and multi
plying. In the case of size comparison an indicator function is used to 
return a value of one for all cases where subject tree i is larger than 
neighbour tree j and zero otherwise. These scores are then summed over 
all neighbours j. In a second step, the local, plant-based indices are 
aggregated to produce summary characteristics for the whole plant 
community. 

The objective of this work was to introduce and study a novel 
construction principle different from those used before in plant di
versity monitoring that complements them and to apply this principle 
to a new nearest-neighbour index, i.e. the hyperbolic tangent index. The 
construction of this index is based on trigonometric principles. First we 
reviewed existing principles of quantifying size diversity and based on 
this brief review introduced the novel construction principle of the 
hyperbolic tangent index. Then we demonstrated the potential of the 
index to indicate different patterns of size dominance or size inequality 
in the context of mixed-species woodlands. Finally we analysed how the 
new hyperbolic tangent index relates to tree growth rates and how the 
correlation depends on the number of nearest neighbours. 

2. Materials and methods 

2.1. Existing measures of spatial size diversity 

An early measure of spatial size inequality in plants was the size 
differentiation index introduced by Gadow (1993) as the mean of the 
ratio of smaller and larger plant sizes m of the k nearest neighbours 
subtracted from one (Eq. (1)). This index is based on the size-ratio 
construction principle. 
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Here m can be any quantifiable plant size measure, e.g. biomass, 
weight, height, stem diameter among others. The value of Ti increases 
with increasing average size difference between neighbouring trees. 

=T 0i implies that neighbouring trees have equal size. 
Hui et al. (1998) and Aguirre et al. (2003) proposed an index using 

the size-comparison construction principle. This method turns the con
tinuous size variables into a binary problem. The dominance index Ui 

(Eq. (2)) is defined as the mean fraction of plants among the k nearest 
neighbours of a given plant i that are smaller than plant i. 
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The indicator function returns 1, if the size mark of plant i exceeds 
that of neighbouring plant j, otherwise 0. Ui can have +k 1 possible 
discrete outcomes. 

Based on the test function of the mark variogram Pommerening 
et al. (2011a) introduced the mark variogram index. This index is an 
example of the size difference construction principle: 
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Dividing by the size variance, m
2 , is a useful normalisation which 

eases the interpretation of index values and the comparison between 
different plants and plant communities. The smaller Vi the more similar 
the plant sizes considered are. In this case either both plants are small 
or both plants are large, no difference is made between these two sce
narios. 

Finally inspired by the test function of the mark correlation func
tion, Davies and Pommerening (2008) introduced the size correlation 
index. Realising the size-product construction principle this index com
pares the mean product of the sizes of a subject plant and its k nearest 
neighbours with the squared arithmetic mean size, m̄2, of all plants in a 
given community (Eq. (4)). 
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Values larger than 1 indicate positive correlation which can be the 
result of similar sized plants at close proximity whilst negative corre
lation (indicated by Ci < 1) typically is the result of pairs of plants with 
large and very small sizes (e.g. a dominant subject plant surrounded by 
smaller plants) and pairs of plants with small sizes only. 

2.2. A new measure of spatial size diversity based on trigonometric 
principles 

In the context of individual-based models (IBM) using interaction- 
kernel functions for quantifying plant interaction, Schneider et al. 
(2006) and Adams et al. (2011) suggested a hyperbolic function ac
counting for the sharing of resources of two plants i and j: 

= +f m m
m
m

( , ) 1 tanh logi j
j

i
e (5)  

IBMs simulate populations and communities as being composed of 
discrete agents that represent individual organisms with sets of traits 
that vary among the agents following a strict bottom-up approach 
(Pommerening and Grabarnik, 2019, p. 217). In Eq. (5), mi and mj are 
again size variables of plant i and j. Plant i is the subject plant and plant 
j is a competitor or neighbour, i.e. the function describes the resource 
loss incurred by the subject plant. The main purpose of this function is 
to model the mode of interaction and parameter α introduces ecological 
symmetry ( = 0) or asymmetry (α  → ∞) (Freckleton and Watkinson, 
2001). Function f(mi, mj) increases the size dominance effect of plant j 
for mj >  mi and decreases size dominance of j otherwise. In a com
parative analysis of different interaction functions carried out by  
Schneider et al. (2006), the inclusion of Eq. (5) led to a marked re
duction in the summed root squared error. It was this use and the 
performance of f(mi, mj) as a multiplier in spatial individual-based 
modelling (see also Pommerening and Grabarnik, 2019) that inspired 
the idea to study this function in greater detail and to explore how it 
would perform in the context of monitoring size diversity based on the 
nearest-neighbour principle. 

Hyperbolic functions are transcendental functions and are closely 
related to exponential functions. The hyperbolic tangent function is 
denoted as tanh(x) and can be derived from hyperbolic sine and cosine 
functions as =xtanh( ) x

x
sinh( )
cosh( ) . Another possibility to express the hyper

bolic function is through the exponential function, i.e. 
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For expressing size dominance of subject plant i and for constraining 
the index value Si to the interval [0, 1] it makes sense to swap indices i 
and j as in Eq. (6). We also discovered that this new variant of the 
hyperbolic tangent function can be expressed in terms of García's al
lotment function and also shares similarities with a function proposed 
earlier by Adler (García, 2014; Eq. (4) in Adler, 1996, see Appendix A). 
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Factor 2 in the denominator of the first term before the sum symbol 
ensures that the index values lie between 0 and 1 (see Fig. 1). The 
second term is based on García's allotment function (García, 2014) and 
offers an easier interpretation of the hyperbolic tangent index. It shows 
that the index can be related to the size ratio principle, however, the 
ratio is more complex than the simple size ratio and involves power 
functions and sums. In the simplest case of = 0.5, the plant sizes are 
raised to the power of 1 and as a consequence the second and third term 
of Eq. (6) further simplify to = == + = +
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However, we prefer retaining the variability of the mode parameter α, 
in order to be able to adjust the index to a wide range of different 
ecological situations. In the analyses presented in this paper, = 1 has 
proved to be a good assumption. 

The larger the value calculated from Eq. (6) the larger the size 
dominance of plant i. The arithmetic mean is a naïve estimator of the 
population hyperbolic tangent index, but we recommend using the NN1 
estimator instead (Eq. (7), Pommerening and Stoyan, 2006), 
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In Eq. (7), distik is the distance between plant i and its kth nearest 
neighbour, whilst  ci is the distance between plant i and the nearest 
point on the boundary of the observation window. The density esti
mator is calculated as = =
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In Eq. (8), a and b are the sides of a rectangular observation window 
and R is the radius of a circular observation window. For more detailed 
information probability density functions of Si can be estimated based 
on the Epanechnikov kernel (see Illian et al., 2008; Pommerening and 
Grabarnik, 2019). The estimation of the probability density function 
follows the same principle as the estimator in Eq. (7). 

As with any other spatial diversity index, the hyperbolic tangent 
index and its probability density function can be estimated for whole 
plant communities regardless of species, but also for individual species 
populations. This is achieved by subsetting the point pattern according 
to species and by estimating the index for each species subset sepa
rately. 

There is yet another way of considering spatial species and size 
diversity at the same time, i.e. the interspecific case, where subject 
plant i is of one species and the neighbours j are of another or – in the 
case of many species – simply are of species different from that of 
subject plant i. This type of analysis is particularly useful when mon
itoring species interaction, because the interspecific analysis clearly 
highlights the spatial interactions between the most abundant or com
peting species in a given plant ecosystem. Since interspecific diversity 
analyses are not often published and they are particularly useful for 
exploring the properties of the trigonometric construction principle, we 
have applied them in this study. 

In this paper, we used trees and tree stem diameter a 1.3 m above 
ground level as example plants and size variable, respectively. 
However, neither the trigonometric construction principle nor the hy
perbolic tangent index is limited to plants with more or less single 
stems. Both can be applied to every plant with defined location co
ordinates such as the centre or the highest tip of a plant and quantifi
able size attributes such as biomass or leaf area. 

All calculations were carried out using our own R (version 3.5.1; R  
Development Core Team, 2018) and C++ code and the spatstat 
(Baddeley et al., 2016) package. 
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Fig. 1. Exploring the hyperbolic tangent index Si with mi ranging from 0 to 80 cm and = =m1.0, 30j cm (solid curve), = =m1.0, 50j cm (dashed curve). For 
the dotted curve = =m1.5, 30j cm. The straight lines indicate =m 30i cm and =m 50i cm (after Pommerening and Grabarnik, 2019, p. 225). 
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2.3. Data 

Manderscheid is a management demonstration plot (80 × 80 m) si
tuated in the West German federal state Rhineland-Palatinate (50.11 N, 
6.8 E). There are two species in this plot, i.e. sessile oak (Quercus petraea 
MATT.) intermingled with beech (Fagus sylvatica L.). This forest stand has 
been mainly managed for quality oak, whilst beech was considered a 
minor by-product helping to improve the quality of oak timber 
(Pommerening, 2002; Pommerening and Uria-Diez, 2017). If left to 
natural devices, F. sylvatica would dominate the site. By supporting Q. 
petraea forest management also supports tree species diversity at the 
same time. 

The Södderich data are from the Södderich, a part of the Göttinger 
Wald near the city of Göttingen in Germany (51.57 N, 10.08 E). The 
research plot (80 × 65 m) is dominated by beech (Fagus sylvatica L.), 
ash (Fraxinus excelsior L.) and sycamore (Acer pseudoplatanus L.), where 
for economic reasons the latter two species are favoured in forest 
management (Pommerening and Uria-Diez, 2017). Naturally F. sylvatica 
would also dominate this site and forest management therefore in
creases tree species diversity by removing F. sylvatica trees. 

Norway spruce (Picea abies (L.) KARST.) spatio-temporal data in 16 
plots (30 × 40 m each) at Karlstift in Austria (48.35 N, 14.46 E) with 
three re-measurement were studied using the relationship between 
hyperbolic tangent index and absolute growth rate (AGR). Originally 
the plots were part of a replicated thinning experiment. The trees have 
naturally regenerated and the plots are located at 930 m a.s.l. with a 
mean annual temperature of 4.5 °C and a mean annual precipitation of 
950 mm. The plots were established in 1964 in predominantly even- 
aged P. abies and re-measured every five years until 2004 
(Pommerening et al., 2011b). 

All trees with a minimum breast-height diameter of 5 cm were in
cluded in the mapping at all three sites. 

3. Results 

3.1. Applications of the hyperbolic index for indicating species-size 
interactions 

The probability density functions for Q. petraea and F. sylvatica in 
the Manderscheid woodland clearly showed the contrasting behaviour 
of the two species (Fig. 2A). Here we applied the hyperbolic tangent 

index in such a way that for all Q. petraea subject trees the nearest =k 4
neighbour trees were F. sylvatica and the neighbours of all F. sylvatica 
subject trees were in fact Q. petraea trees as described in Section 2.2. As 
can be concluded from the probability density functions in Fig. 2A, the 
population index values of this interspecific analysis were =Ŝ 0.79 for 
Q. petraea and =Ŝ 0.22 for F. sylvatica. Rejecting the null hypothesis of 
size mark independence (random labelling hypothesis; Pommerening 
and Grabarnik, 2019, p. 183f.), the corresponding p values were 0.006 
and 0.004, respectively, i.e. both results are significant. Both the dis
tributions and the population means indicate that Q. petraea trees 
dominate their F. sylvatica neighbours in terms of size and most likely 
also in terms of resource exploitation. In the context of the particular 
forest ecosystem at Manderscheid, this pattern stems from forest man
agement where the economically more valuable and light demanding 
species Q. petraea is heavily promoted in thinnings on the expense of the 
economically less valuable, shade tolerant species F. sylvatica which 
would naturally dominate the site. In practical terms, competing F. 
sylvatica trees close to Q. petraea trees were selectively removed. Q. 
petraea would only regenerate naturally in such forest stands as a result 
of natural disturbances that interrupt the main forest canopy by 
creating gaps, however, Q. petraea seedlings and saplings would still 
face severe competition by F. sylvatica. Since large specimens of Q. 
petraea provide many more micro-habitats than those of F. sylvatica, this 
type of woodland management also promotes biodiversity in general. 
Still it is of interest to forest management here to maintain sub-domi
nant F. sylvatica trees (as opposed to a pure stand of Q. petraea), because 
the shade tolerant F. sylvatica services Q. petraea by suppressing epi
cormic growth along the stem axes that would otherwise de-value the 
oak timber. 

A quite similar result is obtained from analysing the mixed-species 
Södderich woodland, where one species is again F. sylvatica that is 
analysed in relation to two other species, F. excelsior and A. pseudo
platanus, which are treated as one species group (Fig. 2B). Like in the 
Manderscheid woodland the F. sylvatica trees are those that are domi
nated by other species, in this case by F. excelsior and A. pseudoplatanus. 
This interpretation is confirmed by the population index values, which 
are =Ŝ 0.73 for combined F. excelsior and A. pseudoplatanus and 

=Ŝ 0.32 for F. sylvatica. The corresponding p values were 0.002 and 
0.168, respectively. Apparently only the results for F. excelsior and A. 
pseudoplatanus are significant, i.e. here the null hypothesis of size mark 
independence (random labelling hypothesis; Pommerening and 
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Fig. 2. The probability density functions of the hyperbolic tangent index Si based on =k 4 neighbours, = 1 and NN1 edge correction (Pommerening and Stoyan, 
2006) for the most abundant species at Manderscheid (A) and Södderich (B) woodlands. 
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Grabarnik, 2019, p. 183f.) can be rejected. The population means are 
closer together than in the case of Manderscheid and both Si distribu
tions are markedly more skewed in the Södderich woodland. This im
plies that the dominance separation between species is not as sharp as it 
is at Manderscheid. Also at Södderich the size dominance patterns are a 
result of selective near-natural forest management that favours F. ex
celsior and A. pseudoplatanus at the expense of F. sylvatica by removing 
any competitive F. sylvatica tree in proximity to F. excelsior and A. 
pseudoplatanus trees. The latter species would otherwise dominate and 
the former, more light demanding species would not be able to coexist 
with such large abundances. 

3.2. Hyperbolic tangent index and growth rates 

The hyperbolic tangent index Si is correlated with both absolute and 
relative growth rates (AGR and RGR), which is not a common property 
of spatially explicit size diversity indices. We quantified AGR and RGR 
as mean annual growth rates as defined in Pommerening and Muszta 
(2016, Eq. (7) and Eq. (9)). For each plot we separately pooled the AGR 
and RGR data over two survey periods (1994 – 1999 and 1999 – 2004) 
as well as the values of the hyperbolic tangent index (measured in 1994 
and 1999). In the data of the P. abies time series at Karlstift in Austria, 
we found a strong correlation between AGR and Si with an asymptotic 
Pearson correlation coefficient between 0.5 and 0.9. There was also a 
linear relationship between RGR and Si, however, in all 16 plots this 
was much weaker than the relationship with AGR. As an example we 
show the data for plot 42 in Fig. 3. In both cases the correlation is 
significant, but the correlation coefficient is much higher for AGR than 
for RGR. 

When studying the correlation between hyperbolic tangent index 
and AGR, we were also interested in learning, how the Pearson corre
lation coefficient would change with increasing number of neighbours 
k. Again using the Karlstift P. abies time series data, we calculated the 
Pearson correlation coefficient for = …k 1, , 40 neighbours. We de
liberately used a very large upper number of k to be able to obtain 
reliable estimates of the upper asymptote of the relationship of interest. 
To minimise edge-effects periodic boundary conditions were applied in 
our simulations (Illian et al., 2008, p. 184; Pommerening and 
Grabarnik, 2019, p. 177). 

For most of the 16 plots there was an increasing correlation trend 

with increasing number of neighbours (Figs. 4 and 5), particular for 
k < 5. The results also revealed an asymptotic behaviour of correlation 
with increasing k. In plots 11, 23, 33 and 41, the choice of k did not 
seem to matter much. In most plots, however, the choice of 

= …k 7, , 10 appeared to be a reasonable compromise for avoiding low 
correlation coefficients due to small numbers of k. 

In plots 11, 13, 33, 41 and 43, the calculated correlation coefficients 
reach the asymptote estimated from the saturation model (Michelis- 
Menten, 1913). Particularly in plots 20 and 21, the correlation coeffi
cients remain much below the asymptote. Also the shapes of the model 
trend lines markedly differ much from plot to plot for reasons that are 
not easy to understand. 

We compiled the base characteristics of all 16 plots in Table 1 to 
establish, whether any of them could potentially explain the correlation 
patterns. There was no characteristic, however, that particularly moti
vated the differences in the results of Figs. 4 and 5. Interestingly the 
highest asymptotic correlation coefficients were often achieved in plots 
with high densities, e.g. plots 10, 12, 20, 30 and 42. The mean ag
gregation index by Clark and Evans (1954) ranged between tree loca
tions that were completely randomly dispersed (around 0.9 and 1.0) to 
very regular dispersal patterns (1.4 and 1.5) but did not help to explain 
the correlation patterns. Interestingly mean population hyperbolic 
tangent index Ŝ was always close to 0.50, which highlights that po
pulation values calculated regardless of species are not very in
formative. They are of greater value in mixed-species woodlands when 
calculated separately for each species (as in Section 3.1) and also the 
probability density distribution naturally offers more details than the 
simple population mean. It was also interesting to see that the mean dbh 
coefficient of variation generally was very high, indicating a high size 
diversity in all plots most likely as a result of planted P. abies trees 
mixing with P. abies trees that naturally colonised the plots but also as 
part of the quite different development stages captured in the data. 

4. Discussion and conclusions 

Our study has produced evidence that – based on the nearest 
neighbour principle – the trigonometric construction method indeed 
leads to a versatile spatial size diversity index. The construction prin
ciple and corresponding index complement and extend the existing 
provision if spatially explicit size diversity measures. Our theoretical 

Fig. 3. Absolute (AGR, panel A) and relative (RGR, panel B) growth rates of the P. abies monitoring plot Karlstift (Austria) plotted over the hyperbolic tangent index Si 

calculated based on =k 7 neighbours, = 1 and NN1 edge correction (Pommerening and Stoyan, 2006). The Pearson correlation coefficient r′ and the associated p 
values are given in the graphs. The trendline was estimated through robust regression and the envelopes represent the standard error. 
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exposition in Sections 2.1, 2.2 and Appendix A have highlighted that 
the new index uses a construction principle previously unknown, i.e. 
the trigonometric construction principle. This principle leads to a real- 
valued index in contrast to the mark comparison construction principle. 

In Appendix A, we have shown that this trigonometric construction 
principle is related to the size-ratio principle, however, the ratio used in 
Si is more complex because of the powers and sums involved (Eq. (6), 
central term). 

Fig. 4. Dependence of the correlation between Si and the Pearson correlation coefficient on mean distance to the kth neighbour in the Karlsift monitoring plots 10-13 
and 20-21. The dotted horizontal lines represent the asymptotic Pearson correlation coefficient as estimated by parameter a in the saturation model by Michaelis- 
Menten (1913), = +r a r

b r (shown as red trendline), where r′ is the Pearson correlation coefficient and r the mean distance to the kth neighbour. The dotted vertical 
lines denote the correlation for the 10th nearest neighbour. 
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It is a particular strength of the hyperbolic tangent index to high
light size dominance differences between different species populations 
that occur in the same ecosystem. This is particular helpful when 
managing ecosystems, e.g. managing forest ecosystems for forestry 

purposes but also for conservation or recreation. A very useful appli
cation of this index is the monitoring of invasive or endangered species. 
For this purpose, it is particularly helpful to consider the probability 
density distribution as summary characteristic (Fig. 2). Population 

Fig. 5. Dependence of the correlation between Si and the Pearson correlation coefficient on mean distance to the kth neighbour in the Karlsift monitoring plots 30-33 
and 40-43. The dotted horizontal lines represent the asymptotic Pearson correlation coefficient as estimated by parameter a in the saturation model by Michaelis- 
Menten (1913), = +r a r

b r (shown as red trendline), where r′ is the Pearson correlation coefficient and r the mean distance to the kth neighbour. The dotted vertical 
lines denote the correlation for the 10th nearest neighbour. 
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characteristics summarising the size dominance situation in a single 
number such as Ŝ are only useful, if computed separately for several 
species in a mixed-species community. In this context, small numbers of 
nearest neighbours, e.g. =k 4 are sufficient. The application of the 
hyperbolic tangent index is therefore likely to be a good indicator of 
spatial species and size diversity relationships (Pommerening and Uria- 
Diez, 2017; Pommerening et al., 2020; Wang et al., 2020). 

The hyperbolic tangent index can, however, additionally be used as 
a classic competition index with a view to explain and estimate relative 
and absolute growth rates. The relationships involved are linear and 
particularly using AGR as response variable can potentially lead to 
surprisingly large correlation coefficients. This interesting outcome tells 
us that the hyperbolic tangent index is in fact a good descriptor of 
competition, although the hyperbolic tangent function (Eq. (5)) was 
originally designed to model the mode of plant interaction com
plementing a kernel function that was supposed to quantify the strength 
of competition (Schneider et al., 2006). This implies that in future IBM 
applications one has to be careful when combining hyperbolic tangent 
and kernel functions, as both characteristics can compete with each 
other. 

From a detailed correlation analysis we learned that the Pearson 
correlation index often increases with increasing number of nearest 
neighbours k used for computing Si. Applying = …k 7, , 10 neighbours 
should lead to reasonable correlations in forest ecosystems with a 

similar range of densities (between 590 and 3800 trees per hectare). We 
also tested an approach of spatially balanced k akin to the concept of 
spatially balanced sampling (Stevens and Olsen, 2004; Grafström et al., 
2012). In analogy to their work we optimised k individually for each 
tree i so that the distance to the kth nearest neighbour was similar for 
all trees and approached the mean distances to the = …k 1, , 40
nearest neighbours. This strategy made k dependent on local density so 
that k was large for trees situated at high local densities and small for 
trees in low local-density situations. Although this method successfully 
decreased the variance of distances to the k nearest neighbours, un
fortunately the correlation coefficients did not improve compared to the 
results obtained from using fixed k instead (results not shown). This 
negative outcome confirmed that with a wide range of tree densities 
(between 590 and 3800 trees per hectare) it is indeed sufficient to apply 

= …k 7, , 10 neighbours as fixed k for all trees when calculating the 
hyperbolic tangent index for explaining absolute growth rates. Appar
ently the hyperbolic tangent index is suitable for basic AGR estimations 
based on simple nearest-neighbour information. 

This study has defined a new versatile and meaningful construction 
principle for spatial size diversity indices that should prove useful in 
many situations where spatial size diversity needs to be monitored 
alongside spatial species diversity. The hyperbolic tangent index can 
also be applied to small circular monitoring plots, however, in the spirit 
of plus-sampling it is recommended to include any off-plot nearest 
neighbours in the analyses as well (see Pommerening and Grabarnik, 
2019, p. 175ff.) to avoid edge-bias effects rather than using the NN1 
estimator in this case. 
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Appendix A 

In this appendix, we explain the relationship between Schneider's hyperbolic tangent function (Schneider et al., 2006; Adams et al., 2011) and 
García's allotment function (García, 2014). Schneider's original hyperbolic function can be written as 

+ = +m m
m
m

1 tanh( (log log )) 1 tanh logj i
j

i
e e e

(A1)  

Based on the tanh definition = =+ +
xtanh( ) e e

e e
e 1
e 1

x x
x x

x
x

2
2 we can conclude1 that 

Table 1 
Basic characteristics of the P. abies time series data at Karlstift (Austria). The 
characteristics in columns 2–7 were averaged over the three surveys in 1994, 
1999 and 2004. Clark and Evans refers to the aggregation index by Clark and 
Evans (1954) and Ŝ is the population hyperbolic tangent index as defined in Eq. 
(7). The asymptotic correlation coefficient is parameter a in the saturation 
model by Michaelis-Menten (1913), = +r a r

b r , where r′ is the Pearson corre
lation coefficient and r the mean distance to the kth neighbour.          

Plot Mean 
density 
[trees 
ha-1] 

Mean 
dbh 
[cm] 

Mean dbh 
coeff. of 
variation 

Mean 
basal 
area 
[m2.ha-1] 

Mean Ŝ Mean 
Clark 
& 
Evans 

Asymptotic 
correlation 
coefficient  

10  2191.7  15.7  3.1  47.6  0.51  1.0  0.87 
11  680.6  25.3  5.8  34.9  0.50  1.5  0.46 
12  866.7  21.7  4.7  33.2  0.50  1.4  0.87 
13  694.4  25.2  5.0  35.7  0.51  1.5  0.74 
20  2277.8  14.1  2.7  41.7  0.50  0.9  0.90 
21  650.0  25.6  6.4  34.1  0.51  1.4  0.74 
22  794.4  23.7  5.1  35.6  0.51  1.5  0.85 
23  694.4  26.7  4.9  40.2  0.50  1.4  0.65 
30  3761.1  12.0  2.6  49.7  0.50  0.9  0.81 
31  891.7  22.8  4.0  37.9  0.50  1.5  0.69 
32  816.7  24.4  4.9  38.6  0.51  1.4  0.67 
33  719.4  25.9  6.2  38.4  0.50  1.4  0.49 
40  1602.8  17.3  2.7  45.1  0.50  0.9  0.69 
41  591.7  27.9  5.9  37.1  0.50  1.4  0.63 
42  969.4  21.7  5.0  36.0  0.51  1.5  0.80 
43  697.2  25.6  5.1  37.0  0.50  1.5  0.62    

1 + = + = + = =

=
+

+
+ +

+ +
+

+
+

+

x1 tanh( ) 1 ex e x
ex e x

e x e x
e x e x

e x e x
e x e x

ex e x e x e x
e x e x

ex ex
ex e x

e x
e x e x

2
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+ =
+

x e
e

1 tanh( ) 2 .
x

x
e
1
x (A2)  

Eq. (A2) allows us now to substitute the second term of Eq. (A1) by 

+

2
.

m

m
m

m
m
m

j

i

j

i

i

j (A3)  

Finally, multiplying numerator and denominator by m mj i we obtain 

+
m

m m
2

.j

j i

2

2 2 (A4)   
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