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ABSTRACT

In Politis and Romano (1993), different block resampling estimators of variance
of general linear statistics, e.g. a sample mean, were proposed under the
assumption of stationarity. In the present paper such estimators of variance
of sample means, computed from nonstationary spatially indexed data {X; :
i1 € A}, where A is a finite subset of the integer lattice Z?2, are studied.
Consistency of estimators of variance will be shown for the following kind of
data: Observations taken from different lattice points are allowed to come from
different distributions, and the dependence structure is allowed to differ over
the lattice. We assume that all observed values are from distributions with the
same expected value, or with expected values that decompose additively into
directional components. Furthermore, it will be assumed that observations
separated by a certain distance are independent.

1. INTRODUCTION

Suppose we have spatially indexed data {X; : ¢ € A}, where A is a finite
subset of the integer lattice Z2?. Remote sensing data from satellites are, for
example, on this form. Further, suppose that a statistic s(.4) is computed,
which estimates some unknown parameter u, and that, in order to do inference,
an estimate of the variance of s(.A) is desired.

For spatial lattice data, different block resampling estimators of variance
have been proposed under the assumption of stationarity. See, for example,
Possolo (1991), Politis and Romano (1993), Sherman and Carlstein (1994),
and Sherman (1996). In the current paper such estimators of variance are
studied in the case when the statistic in question is a sample mean computed



from nonstationary spatial data. Such extentions are useful, since in many
empirical applications, the hypothesis of stationarity can easily be rejected.
The goal of this paper is to show that the resampling methods derived for
dependent but stationary observations can still be employed (possibly in a
slightly modified form) even if the assumption of stationarity is violated.

The kind of data we consider is of the following type: Observations from
different points of the lattice are allowed to come from different distributions,
but with the same expected value or with expected values that can be decom-
posed additively into directional components. Furthermore, the dependence
structure is allowed to differ over the lattice, and observations separated by
a certain “distance” will be assumed to be independent, as formalized in the
following definition.

Definition 1 The r.v.s X;, © = (i1,%2) € A, are said to be spatially m-
dependent if X; and X;n are independent whenever |i}y —i{| > my or i, —iy| >
ma, m=(my, my).

For simplicity, the case when A is rectangular will be considered, but extentions
to non-rectangular subsets of Z?2 (that possess some regularity) are possible.
Henceforth we assume that A = Ay = {t = (i1,%2) : t1 =1,...,n; and i3 =
1,...,no}, where n = (ny,ns).

Remark. The results in this paper hold for more general data than indicated,
i.e. the results are valid for arrays Xy ={X; , : © € A} of collections of r.v.s,
such that for each m, the r.v.s in X, are m-dependent. To keep the notation
manageable, we will write X; instead of Xj .

Define “rectangular” blocks of indices

(41, 12) s (4 k= 1)

(t1,90 + ko —1) -+ (i1 + k1 —1i0+ ko — 1)
and let K = kiky = |B;|. Also, define N =njny, X.. = > ica, Xi» and X =
X../N. In the case when EX; = p, for all ¢ € Ay, and all n, the following

estimators of v, =Var(v/NX) will be considered:
Politis and Romano’s (1993) jackknife estimator,

! !
n; Ny

Aje__K % o \2
%(1,)—WZZ(X&—X)> (1)

11=1172=1

where Xp, =K~} > jen; Xjs ni=mn; — ki +1,49=1,2, and N' = njn;.



Politis and Romano’s (1993) bootstrap estimator,

! !
ny Ny

:Y'l(’llje) = %ZZ (XBz _Xl)Qa (2)

11=112=1

where X' = (N')! Z?}zl ?2,2:1 Xp,. It should be noted that in the current
setting, the bootstrap estimator above coincides with the estimator of variance
suggested by Sherman (1996).

Politis and Romano’s (1993) circular bootstrap estimator,

(cbe) _ K S o
’Y'ng):'ﬁ Z (XB,'—X)2> (3)

1€EAR

where X; =X, Ji=7; (mod n;), i=1,2, i.e., the data is wrapped around on
a torus.

Next, let X; =X for j & Ap, and Aj, = {3 : iy =2 — ky,...,m and iy =
2 — ky,...,n2}. Then there are N"” = (ny + k1 + 1)(ng + ke + 1) different
(overlapping) blocks B;, © € Aj,, containing at least one X;, j € Ayp. By
defining a bootstrap estimator of vy, on these N” blocks, we obtain an estimator
which put more weight on the observations near the edges than what is the
case with 49 (or 4?). Further, such an estimator can be defined also for
non-rectangular index sets (as described in, e.g., Sherman (1996)), which is an
advantage over %fbe) which require the index set to be of rectangular shape.
Thus, we suggest the following estimator of variance,

= zm = (T (-91), o

1€Al, “JEB;

where I; is equal to 1if j € An, and zero otherwise. Note that we use IV in
the denominator rather than N”| since this gives an estimator with less bias
(in the case of positively correlated r.v.s).

In Mercer and Hall (1911), yields of wheat on a 20 x 25 lattice of plots
approximately 1 acre in total area were presented. Sherman (1996) estimated
the variance of the sample mean of the Mercer and Hall data, using the boot-

strap estimator &5{’3). It is clear, however, that this variance estimator (as well

as %{e), f?,(fbe), and ’Ay,({w)) can give erroneous results if the condition EX; = p,
for all ¢ € Zp,, and all n, is violated. According to Cressie (1993), Section 4.5,
there is an irregular east-west trend in the mean structure of the wheat yield
data, and the data should be detrended before an analysis requiring constant
mean structure (or even more, stationarity) can be performed.

Assume we observe Y;, ¢ € Ay, and that p; = E'Y; decomposes additively

into directional components, as in the model for the wheat yield data proposed
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by Cressie. That is, p; = p + 7, + ¢;;, where u is the overall mean, 7;,,
12 =1,...,n9, are the row effects, and ¢;,, 11 =1, ...,n1, are the column effects.
All effects, p, iy, 12 =1,...,n9, and ¢;;, 91 =1,...,n1, may depend on n. The
effects can be estimated, and if, for example, ordinary least squares (OLS) is
used, they can be estimated without any model or knowledge of the spatial
dependency structure. Denote the OLS estimates by [, 7;,, 12 =1,...,n9, and
Gi, 11 =1,...,n;. Estimate p; with j; = i + 74, + ¢&,, and define residuals,
e;=Y;—[ij, t € An.

In this case we propose the following estimator of v, =Var(vNY),

- e 3 (Don) o

€A, \jEB;

which, in fact, is the estimator &5{”) with the Xj;-variables replaced by the
residuals. The above estimators proposed by Politis and Romano, can all
be modified in the same way to handle the situation when the mean value
decomposes additively into directional components.

In the next section, assumptions under which the above estimators are
consistent will be presented. In Section 3 there is a short discussion, and in
Section 4 a simulation study is carried out in order to compare the different

estimators. The proofs are given in Section 5.
2. MAIN RESULTS

We make the following assumptions.
AM: For all n, EX; =p, i€ Ay, where p may depend on n.
AD(m): For all n, the r.v.s X;, 1 € Ay, are spatially m-dependent.

AL(6): For some positive constants § <2 and 75, and for all n, E|X;|*" <
Ts <00, 1€ Ap, i.e. we have uniformly bounded r.v.s.

AK(S): If § = 2, then k; = ki(n;) = o(n;) as kjyn; —» 00, 1 =1,2. If0<
§ <2, then (ky/ky)((kika/(niny))log k2)®, (ko/k1)((k1ka/(ning))logk:)®, and
(k;/mni)log ks, i = 1,2, all tend to zero as ki, n; — 00, i =1, 2.

Theorem 1 If AM, AD(m), AL(4), and AK(0) are valid, then

. P
,),gw) — Y — 0, as ny,ng — 0.

Remark. It should be noted that in order to show consistency of the estimators
(1)-(3) under the assumptions stated above, only slight modifications of the
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proof of Theorem 1 are needed.

The lengthy proof of Theorem 1 is given in Section 5. In the proof we will
follow the same approach as in Belyaev (1996), where triangular arrays of row-
wise m-dependent r.v.s were studied, and blockwise resampling schemes were
proposed that consistently estimates the distribution of sums of r.v.s under
assumptions similar to those in Theorem 1.

Next we consider the case when the considered r.v.s do not have a constant
mean.

AM'": For all n, Y; = X; + 1y, + ¢y, where X;, © € Ap, satisfy assumption
AM, and Y32 7, =0 and Y2 ¢, =0. p, 4y, and ¢;;, @ € Ap, may all
depend on n.

The OLS estimators of the effects are

R - Y. 1
,U, = Y: ——]\—]_— = — }/:i’
1A,
Y., 1 & .
r. = — 0= — Y; — A, Z2:1,...,n2,
0=t nli; i h
Y;,. 1 &
éi = — = — Y. — A, ’L'lzl,...,nl‘
1 g ,LL nZiZZ:l (A :u’

Thus, we estimate p; = EY; with ;=44 7, + ¢,

Observe that we cannot replace the X;-variables with the Yj-variables in
the formulas for the variance estimators (1)-(4), since then the varying mean
values of the Yj-variables will ruin the estimate of variance of vV NY. We can,
however, replace the X;-variables with the residuals, as is done in (5).

Theorem 2 If AM', AD(m), AL(S), and AK(S) are valid, then

A(ﬂel) / P
Yn = — Ypn — 0, as ny,ng — 0o.

3. DISCUSSION

In Section 2 we saw that the different estimators are consistent for a broad
range of choices of the rate of block size. In practice, a specific block size
need to be chosen, and the choice is dependent on the numbers n, and on
the dependence structure. For strictly stationary data X, ={X; : 1 € An},
Sherman (1996) gave a rate of convergence for his estimator of variance of



a general statistic s(Xy,) (e.g., a sample mean), and showed that this rate
is minimized when the block/subshape size is proportional to v/N. Similar
results are obtained by Politis and Romano (1993). Further, a closely related
result holds for nonstationary data, when s(Xy,) is a sample mean:

Corollary 1 If AM, AD(m), AL(2), and AK(2) are valid, then

B35 =)  <CHEN" + k72 + k3 2),

for some Cy>0. Thus, if 0<hmn1n2_1§TiEn1n2_1<oo and 0<liﬂkini_1/2§
limkin, /> <00, i=1,2, then
VNE@#G? = ym)? = 0(1),
Corollary 2 If AM', AD(m), AL(2), and AK(2) are valid, then
B =) SCo(KNT' 4 k® 4+ by + kiny® + K5ng?),
for some Cy>0. Thus, if 0<liﬂn1n51§1—i—ﬁn1n51<oo and 0<li_mkmi_1/2§

limkin, /2 < o0, i=1,2, then

VNEGL? = 1) = 0(1).

It should be noted that the mean square errors (MSEs) of ’Aygw) and %{‘e')
tend to zero asymptotically, but at a rather slow rate. As noted by Politis
and Romano (1993) and Sherman (1996), this is due to the relatively large
contribution of bias to the MSE. Also, note that the results above only give
the correct order of block size. In practice we need to choose k; ~ cm;/Q, for
some constant ¢; >0, =1, 2. Clearly, the stronger the strength of dependence
is, the larger values of ¢; and c; need to be chosen. The choice of block size
in practice is indeed an important and difficult task, and only a few guidelines
exist; see e.g., Politis, Romano, and Wolf (Chapter 9, 1999), who discuss
this topic in the case of stationary sequences. If little is known about the
dependence structure, a safe policy is to use relatively large blocks (Sherman,
1996).

All estimators of 7, considered in this (paper are biased. Consider, e.g.,
54m) It is possible to write the bias of 44r® as the sum of two terms, A;
and Ay, where A; is approximately equal to —y, K /N, when K/N is not too
“large”. The second term, A,, is negative if the observations are positively
correlated, and vanishes as K — oo. A, is difficult to estimate; in particular
for nonstationary data. In the next section, where we carry out a simulation
study, the estimator 41 = &52”)(1 + K/N), ie. 4) corrected for the bias
term A;, will be considered. (From the proof of Theorem 1 it follows that
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A =EQY 1 2BQ® and A, =2EQY) . where Q1F, QI and Q¥ are defined
in the beginning of the proof.)

It is easily seen that the results in this paper hold also for rectangular
index sets A expanding in all directions, i.e. for {¢ : i, =—ny,...,ny and iy =
—ng, ..., Nz }. Moreover, for all estimators of variance in Section 1, except ’y%be),
the assumption on the index set to be of rectangular shape can be relaxed by
using “subshapes”, as described in, e.g., Sherman (1996). This extention to
non-rectangular A is not possible for ’yﬁbe), since this estimator is based on
the idea of “wrapping” the data around on a torus, which requires the set A
to be of rectangular shape.

Finally, by examining the proofs of Theorem 1 and 2, we see that one can
allow m; and m, to increase to infinity, as the sample size increases. (Since
our proofs are not written with this in mind, i.e. of getting weak assumptions

on the rate of m; and my, we do not give this as an explicit result.)
4. A SIMULATION STUDY

In this Monte Carlo study, nonstationary spatially m-dependent data Xj,
1 € Ap, are generated, where each X; is a weighted average of independent
and skewly distributed r.v.s such that X; has a small variance if both ¢; and %,
are small, whereas the variance of X; is large when 7; and ¢, are large. To be
more spec1ﬁc let m; = 2l; for some integer [; > 0, 1 =1, 2, and define weights

() =03/ B S, v where 5= (1 )1+ ) 6=y
lo=— l lz Define

114101 ta+1o

Z Z (l71 = 71l [i2 = J2l) (Zj - EZj),

J1=t1—l1 je=iz—Il

where the r.v.s Z; are independent and log-normal with = FE(log Z;) =0, and

2 .
1 i + ll .
oj = Var(log Zj): 2 ;:1 TR for all 7,

as parameters.

In the tables below, there are columns with Monte Carlo estimates of ex-
pected values (E), standard deviations (V 17(1\7) , and root mean square errors
(RWE), respectively, of different estimators of v, = Var(v/NX). In the
study, Ay is a rectangular lattice of NV = 250 x 250 points, and each Monte
Carlo estimate is based on 10000 replicates.



TABLE I. m=(2,2) and vy, ~0.59%4.

K =10x10 K =20x20 K =30x30

~ ~

E |VVar |EMSE| E |VVar | EMSE| E |VVar|RMSE

QY9 | 0.494 | 0.037 | 0.106 || 0.515 | 0.063 | 0.102 || 0.508 | 0.089 | 0.124

Q%) | 0.495 | 0.037 | 0.105 || 0.518 | 0.064 | 0.099 || 0.515 | 0.091 | 0.121

Q') 11 0,507 | 0.039 | 0.095 || 0.545 | 0.067 | 0.083 | 0.555 | 0.096 | 0.103

Q\" 11 0.507 | 0.039 | 0.095 || 0.546 | 0.067 | 0.083 | 0.556 | 0.095 | 0.102

Q4 | 0.508 | 0.039 | 0.095 | 0.549 | 0.068 | 0.081 | 0.564 | 0.096 | 0.101

7

%Le 0.466 | 0.036 | 0.133 || 0.465 | 0.058 | 0.141 || 0.441 | 0.077 | 0.171

TABLE II. m=(10,10) and 7y, ~0.564.

K =20x20 K =30x30 K =40 x40

E |VVar |EMSE| E |VVar|EMSE| E |VVar|RMSE

¥l 110.405 | 0.057 | 0.169 || 0.432 | 0.084 | 0.157 | 0.437 | 0.108 | 0.167

®e) 1 0.409 | 0.057 | 0.166 [ 0.439 | 0.086 | 0.152 || 0.449 | 0.113 | 0.161

{be) 11'0.420 | 0.058 | 0.156 | 0.460 | 0.086 | 0.135 | 0.477 | 0.111 | 0.141

Q\") 110.420 | 0.058 | 0.155 || 0.461 | 0.086 | 0.134 || 0.479 | 0.111 | 0.140

Qe | 0.423 | 0.058 | 0.153 || 0.468 | 0.087 | 0.130 || 0.492 | 0.114 | 0.135

Qi | 0.351 [ 0.049 | 0.219 | 0.359 | 0.068 | 0.216 || 0.349 | 0.084 | 0.231

In Table I and II above we see that ’ygfbe) and ’%({l °) give close results,

and that they perform better in terms of mean square error than f?ge) and
4% " Although 4" is the estimator with the largest variance in the study,
it compensates this with a comparatively small bias, and is the overall winner
in terms of mean square error.

5. PROOFS

Two useful inequalities:

Inequality A: For any positive numbers z, ..., 2, and A > 1 we have, from the
Jensen inequality,

(214 ..+ 2)) <7 4+ 2.

Inequality B: For any independent random variables Z;, ..., Z, and A >1, with
EZ;=0 and E|Z;|* <00, i=1,...,r, we have

E|\Zy + ... + Z,]} < pr®/2=DE| 2, + ... + E|Z, ),
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where 1 <7 < oo is a constant, and n < 2 if A < 2 (Petrov 1995, p. 82-83).
In cases when Inequality B will be used repeatedly, say k£ times and with con-
stants 7y, ..., Mk, then we put n=max<;<x 7;-

Lemma 1 Assume, for all n, that a; = a;(n) has an absolute value less or
equal to 1, 1,=a1+1,...,b1, iao=as+1, ..., by, where b;—a; > m;, 1=1,2. Then,
under the assumptions of Theorem 1, for some constant n>1 and M =mims,
246

< 75m(8mg(by — (12))1+5/2,

bo

> aX;

ia=as+1

by bo
Z Z ; X5

11=a1+1i2=az+1

(i) E

244

(1) E < 75n(64M (by —ay) (by—ag)) /2.

Proof. We only prove (7). Define
M ={(mi(j1 — 1) + a1, ma(jo — 1) + az), ..., (m1j1 A by, maja A bo)},

Jj1=1,...,¢0 and jo = 1,..., g9, where ¢;, © = 1,2, is the largest integer such
that ¢; < (b; — a;)/m; + 1. Further, define

Dg: J: Mj € U U Mg1+2(f1—1),92+2(f2—1)

fr:g1+2(fi—-1)<q1  f2:g2+2(f2—1)<g2

By Inequality A with A=2 + § and r =22, Inequality B with A =2 + ¢ and
r=|Dg| < q1¢2, and Inequality A with A\=2+§ and r=|M ;| < M, respectively,

22: DD wX

91,92=1 jeDg 1eM;

244
> D ek

244 246

=F

1=a1+1i=az+1

2
§41+5 Z E

91,92=1 | jeDg 1EM;
2 249
146 §/2
<d (@) YT )BT 04X
91,92=1 jeDy, | ieM;

2
[
Sn(4M>1+5<qlq2)5/2 Z Z Z ’ai‘2+6E|XZ_|2+

91,92=1 j€Dg 1eM;
S 7.677(4M)2+6<q1q2)1+6/2

b 140/2 1y 1+6/2
< 7_5,)7(4M)2+(5 <1_a’1_ + 1) < o — a2 + 1) ’

my ma

9



from which the desired result follows. O

Proof of Theorem 1. Throughout the proof we will, without loss of generality,
assume that 4=0 and n; >k; >m;>1, 1=1,2. Define X; =0 whenever ¢ € A,
and ' =14 6/2. Then,

== e 3 (S (65 5)

1€EA!, \jEB;

=ﬁz(z)<j)+%]@z(zfj)2

€A, \ jEB; 1€Al, \jEB;

2y (v ) (x)
€A, \jeB; JEB;
-1 ko—1 n1—0Vh; ny—0Vhe
= N E : E : E : E : XiXi+hwh1whz
hi1=1—ky ho=1—ks i1=1—0Ah1 i2=1—0Ah>
k1—1 ko—1 n1—0Vhy ny—0Vhe
TY Y Y Y w
hl 1—k1 ho=1—ko i1=1—0Ah1 i2=1—0Ah2
ki—1 ko—1 n1—0Vh1 n2—0Vho

o2 2 2 2 Xiwwww o (6)

hi1=1—ky ho=1—ks 11=1—0Ah1 12=1—0Ah>

where wy, = (k;—|h;|) ki, 1=1,2. Let hg = (0, hy). By AM (with x=0) and
AD(m),

n1 no—ho
n:%ZEXZ? ZZEEXXH,10
1€AR h2 lii=1 dp=1

ni—hi1 ne—0Vho

NZ Z Z Z EXiXiin (7)

h1=1ho=—mgy t1=1 i2=1—0Ah2

Let U; p = X3X;p and V; p, = U; j, — EU; p,. By combining (6) and (7), we
get

A —m = Q%) + 20 + 208 + 208 + QW + 201, (8)

where
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ny mo—hsg mo ni—hi1 no—0Vha
DI DD DRI DI DU SIS DERC
Qn’ =
N ’lho /V ’Lh’
ha=1141=1 i2=1 h1=1ho=—mg 11=1 i9=1—0Ahg
my Ny na—hg

W=-52X Y Ui

hz 1i1=1 ip=1

ni—hi n2—0Vh
i OVhe i Bk — [holks
¥ Z > Y Y v % ’
h1 1 hg=—mo t1=1 i3=1—0Aho
ko—1 ny1 ns—ho
(4) _
Qn' = E E E Uzhowh2
h2—m2+1 11=1 12=1
ki1—1 ka—1 mni—hi1 no—0Vhs

Z >oo>0 D U pwnwn,

hl mi1+1 ho=1—ko 11=1 i9=1—0Aho

1 mi —mao—1 ko—1 ni—hi1 n2—0Vho
JWZ >t 2 > > Uinwwwn,
h1=1 \ho=1—ks ho=mo+1 11=1 49=1—0Ah2

ki—1 ko—1 n1—0Vhy ns—0Vhs
(5) _ E ' § ' § ' E
Qn - Why Why
h1 1—ky ho=1—ko 11=1—0Ah1 12=1—0Ah2
ki—1 ko—1 n1—0Vhy na—0Vhe

Qg) = Z Z Z Z X;Wh  Why.

h1 1—ky ho=1—ko i1=1—-0Ah1 i2=1—0Ah2

Write Qg) = 53“) + ng) Qn (2¢) , where

n1 ne—ho V
’th

SEDIIDIE

ho=111=1 i2=1
mo MNi1— h1 no— h2
Vi b

DN IDIDIE~

h1=1hs=1 11=1 49=1

QC’ZZZZN-

hi1=1ho=—mo i1=1 i9=1—ho

Consider ng). By Inequality A, with A=¢" and r = M = myma,

ny1—hi na hz

35

i1=1 1o=1

E|Q¥P) < Mo Z i E

h1=1h2=1

Define

={(m1(j1 — 1) + 1,ma(jo — 1) + 1), ..., (m1j1 A ny, mago Ang)},

11



1 =1,..,q; and j» = 1,...,¢}, where ¢}, 1 = 1,2, is the largest integer such
that ¢/ < n;/m; + 1. Further, define

Dlg: J: M.Ig S U U /91+3(f1—1)»92+3(f2—1)

fr:0143(f1—-1)<d} f2:92+3(f2—1)<dq}

By Inequality A with A=¢" and 7 =32, Inequality B with A\=¢§' and r = |Dé,\,
Inequality A with A=¢" and =M =myms, and Inequality A with A=4¢" and
r =2, respectively,

Sy vyl
E : =K :
i1=1 4x=1 N 91,92=1 jeDy 1eM; N

6/

>y ik

JEDy teM]

3 .
<¥2 Y B Y

gu.92=1jeD, |ieM;

<923 Yu( ¥

91,.92=1 jeD, teM;

3
< 3090972 Z Z Z E

91,92=1 jeDy ie M}

3
SSJZE

91,92=1

6/

6/
N
Vih
N

6/

3 / 1
) ElU'hl‘s—i—|EU'h\‘S
S0 7 56 i, i,
<3TME NN D, 7

91,92=1 jeD 1eM;

) / N /2
< 39920/2 1 16/2 (E!Xil% E|Xi+h’26> N-9/2
< 475(18M/N)?/?, (10)

By combining inequalities (9) and (10), E|QEY|" < 4r;M(18M2/N)%/% — 0,
as ni, ny — 0o. Likewise, E]an)]‘sl — 0 and EIQ%C)P/ — 0, and thus, by the
Chebyshev inequality,

§3) 50, as ny,ne — 0. (11)
By using the same approach as above,

Q(TP N 0, as ng,ng — 00. (12)

12



Recall that k; = k;(n;) — oo as n; — oo, ¢ = 1,2. By the Cauchy-Schwarz
and the Lyapunov inequalities, respectively,

ni no—ho

PO <33 S Bllin % kN

ho=1li1=1 i=1

mi ni—hi na—0Vha k A
+Z Z z Z E|Uzh|h1 2+| 2| k1

hi=1hos=—mgy t1=1 i3=1—0Ah2

ni1 no—hso

h
ZZ Z (EX; EXz+ho)1/2/€2—]2V

ho=li1=1 ip=1
I Z Z mzhl nzzofhz EXz'QEX'L2+h)1/2 h1k2;]|\f[7/2|k1
hi=1ho=—my i1=1 iz=1—0Ahs
< mng/ 25)/16 +3MT 2/(26)(m1k2 + mok1)/K — 0, as ny,ng — oo.
Thus, by the Chebyshev inequality,
Q;f) £ 0, as nq,ngy — 00. (13)

Consider Q. Write Qi) =Q4® + Q<4b + Q%C) + QLY + QY49 where

ko—1 niy no—heo

Q;;la) — N Z Z Z Uzhowh27

ho=mo+111=1 iz=1
ki—1 ko—1ni—hina—ho

Q’(Ifb) = Z Z Z Z U’L hWhy Why,

h1—m1+1h2 1 i1=1 12=1

ki—1 ni—hy no

%C) = N Z Z Z Z U; JhWhy Why,

hi=mi+1 ho=1—ks i1=1 io=1—hy

mi ko—1 mni1—hino—ha

WI=F> X T Y Uinwnu,

hl 1 ho=mo+1 i1=1 i2=1

—mo—1 ni1—h1 no

A =25 5SS v,

h1=1ho=1—ko i1=1 12=1—hgy
Next it will shown that E]Q%b)\‘sl — 0, as ny,ny — 0o. Define
Ki={(k1(j1 = 1) + 1, ka(j2 — 1) + 1), ..., (krj1 A, kaja A )},

j1=1,..,p and jo = 1,...,po, where p;, 2 = 1,2, is the largest integer such
that p; < n;/k; + 1. Further, define

Eg=4(7J: ICJ € U U Kgi+3£1-1),9243(f2-1) ( >

f1:0143(f1=1)<p1 f2:92+3(f2—1)<p2

13



and

IV = {(i1,1h) s s =k (i = 1) +1, ooy kgt Ang, by =61 +my+1, o, (k= 1) Ang ),
TP = {(ig, lo) : ia=hka(jo—2)+1, ..., kafia Ang, ly =i +1, ..., (ig+ky—1) Ana}.

Then, if we define

kl—ll—il kg—lg—’ig
T S SR el U R UL IS

(il,ll)ef;ll) (iz,l2)€I](~§)
we can write

3
Q= > > W

91,92=1 jegg

Since l; >t +my for all (41, 1) GIJ(;) we have EW;=0 for all j. By Inequality

A with A=¢" and r=3?, and Inequality B with A=¢" and r=|&g],
3
4b) 8! 1
ElQR1" <32 Y~ > Bwyl”. (14)
91,92=1 je&,g

All the E[Wj|5/ can be handled similarly, and therefore only the case 7 = 1
(ie. j1 = jo = 1) will be considered in detail below.
Split the set I§1) into two parts,

IS) = {(il,ll) th—my =12k, (i,0) € IP} and Iﬁ) = Ifl) \IS)-

Next, Iﬁ) will be partioned into disjoint sets. Define

Iﬁie{(n,ll): 0<zls[§] : [31] <h—mi—1<ky, (i1, l1) € I{P} ,
where [z] denotes the greatest integer less than or equal to z, and
1 : (2c - 2)k] 2¢ — 1)k
= o[B8 [l
2c— 1)k 2k
P

for all (b,c) € C;1 ={(b,c) : at least one side of the “rectangle” Iﬁ%c is larger

than or equal to m;, b=2,3,..., and c=1, ..., 2b_1}. For instance, the set Iﬁ)m
consists of [k1/4] x ([k1/2]—[k1/4]) pairs of indices (i1, 1), and has side lengths

14



[k1/4] and [k1/2]—[k1/4). Observe that .7}, does not have a rectangular shape
(see Fig. 1). Define b; = max{b : (b,c) € Ci1}. Note that all sides of all

the rectangular shaped sets Iﬁie are less than or equal to k;/2° + 1, and that
2my < ky/2%71 + 1. Hence, we get the following upper bound for b1,

k1
bl < 10g2 '2—‘—1‘ +1 < 10g2 kl +1= 10g2(2/€1) (15)

12

FIG. 1. Partition of Z{!) FIG. 2. Partition of Z{*

For each b, the number of Iﬁic is not more than 2°~!. For the sake of simplicity,
we assume that thls number is exactly 2°~!. After at most b; steps, we obtain
our partition of IH ,

where I§1)(b e €= 1. 2b1, are disjoint “triangles” (the black triangles in
Fig. 1), with orthogonal sides less than or equal to 2m; + 1. Similarly, we get

a partition of IS),

by 2b-1 9b2
70— (U 5 zg,,c) U (u o )

b=1 c=1

15



where I&b ,c=1,..,271 b=1,. b2, are disjoint “rectangles” with sides less
than or equal to k1/2b + 1, and 112 bat1)er € = 1,...,2%, are disjoint “triangles”
(the grey triangles in Fig. 1), Wlth orthogonal sides less than or equal to
2m1 + 1.

By using the same technique, we obtain a partition of I§2):

up 2u—l 2u1 upy 2%71 2%2
( 00 zﬁzw) U (Uzﬁzw) U ( 00 z&v) U (U o )
v=1

u=1 v=1 u=1 v=1

where Il(lum v=1,..,2* Y u=2, ..., u;, and If%)w, v=1,...,2% 1 u=1,.., uy,
are disjoint “rectangles” with sides less than or equal to /<;2/2“+1 and Z. 12u1+1)'u’
v=1,..,2% and Z, ;zu 1w V=10 2%2 are disjoint “triangles” (the black and

grey trlangles respectlvely, in Fig. 2), with orthogonal sides less than or equal

to 2mg + 1. Just like Iﬁ)m the set Iﬁ)n is not “rectangular” (see Fig. 2).
Define

W}Zubz — Z Z (kl - (ll - il}gg\’;? - (12 - Z2)))(2)(}

(i1,01)ET{o), (i2,l2)ETS;)

ltuv

To keep the notation manageable, we will write W instead of W1%?. Then

baQbIUtQul

=y (S S W

a,t=1 b=1 c=1 u=1 v=1

bg 26~ 1 ut—l ba 2b6—1 gut—1
u +1 21} 1 +1
+ E E E W@ E E E W et D)
b=1 c=1 v=1 b=1 c=1 v=1
2ba—1 ug 22U~ 1 92ba—1 ut qu—1
tuv tuv
+ N> wk b)) T E:E:Wa(a—i—l)@c)
c=1 u=1 v=1 c=1 u=1 v=1
9ba—1 gut—1 92ba—1 gu¢—1
(ug+1)( ut+1)(2v-1)
+2 2 Waihan + 2 2 Waiie
9ba—1 gug—1 9ba—1 gu¢—1
t(ut+1)(2v) (ut+1)(2
22 Waiiaen * 2 2 Wik
c=1 wv=1

By applying Inequality A, with A=¢§" and various values of r, we get

2 . U 9b—1 gu—1
EWy|" <6 > ( (batee) 5/222 ZZWZ%E
a,t=1 b=1 u=1 c=1 v=1
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2b 12”t 1 2b 12“t 1 6’
5/2 (ue+1)(2v— 1) 5/2 (ue+1)(
+b; i E E g Wabc + b E Wabc
c=1 v=1 c=1 v=1
2ba—l qu—1 & Qba—l u— 1 &
6/2 j : 2 : tuv 6/22 : 2 : § : tuv
§ :E W ba‘l‘]. (2¢—1) E W (ba+1)(
c=1 v=1 c=1 v=1
Qba—l qug—1 & Qba—l Qut— 1 &'
ut—|—1 211 l ut—f-l 211 1)
+FE E g WbaH(ch + FE 5 5 WbaJrl
c=1 v=1 c=1 v=1
oba—1 qui—1 & 9ba—1 gug—1 &
ut-}-l ut—l—l
TE Y Y Wi ieey| HE| Y Y Wit ) (16)
c=1 wv=1 c=1 wv=1

By the construction of the sets Iﬁic and Iftq)w, all double sums within absolute
values above are double sums of independent random variables. Therefore, by
Inequality B, with A=4’,

2 o ut 2b—1 gu—1
mw%wwz(wmzzzzmmz

a,t=1 b=1 u=1 c=1 v=1
ba 92b—1 guy—1 2b—1 gug—1
5/2 ug+1)(2v— 1) 5/2 t(ut+1)(2v)
FHES NS BW L E:E: E Wi
b=1 c=1 v=1 b=1 c=1 v=1
ut 9ba — 1gu-1 ut zba 1ou—-1
5/2 tuv 6/2 tuv o'
>_ > 2 BV ey > > DB el
u=1 c=1 v=1 u=1 c=1 v=1
9ba—19gug—1 5 2ba—1 gug—1
2 : ui+1)(2v—1) t(ue+1)(2v—1)
+ § : E lWa(ba-H) 2¢— 1) + E : 2 : [Wa(b +1)(2¢)
c=1 wv=1 c=1 v=1
Qba 1 gug— 1 5 Qba 1 gug—1
ut+1)( ug+1)(
+ E E , ’W ba-l-l) 2c 1) } + E: E: ’Wa(b )ec ' (17)
c=1 wv=1 c=1 wv=1

Below, ), is the sum over all 4; such that (iy,l;) € ISL?)C, and ), is the
sum over all /; such that (i;,1;) € I&bc In the same way, ), is the sum
over all 75 such that (iy,l5) € I{m)w, and ), is the sum over all /; such that

(i2,19) € Iftw For all pairs of “rectangles” ISLZC and Iftw, we can rewrite
W in the following way,

- (ST T Ty

A lo

+ Z ZXZZ ZwllwlzXl+Z Z wgleQXiZ ZXI
123

11 i2 I 11 12 lh I

17



I

“2 0w X)) K= ) WX ) ) K

11 12 I lo 71 12 I l2

—zzwzlxizzwm—zzw;xizzw@, 0s)

11 19 I lo 11 12 I lo

T EAT T TP T

where wi = (k;—1;) /k; and w}, = (k;— l;)/k;, j=1,2. Note, on the right hand
side of (18) we have |w; [<1 and \wl |<1 for all ¢; and [;, j=1, 2. Therefore,
by Inequality A with A=¢" and the Cauchy—Schwarz 1nequahty, it follows that
E|W#|% is bounded from above by 3°/N? times a sum of nine terms, all of

abc
96" 1/2
(E ) )

the type
where |o;| < 1 and |5;] < 1 for all 7 and . Each side of I1( ) is less than or

abc

equal to ki /2°+1, and each side of Ifmv is less than or equal to ky/2"+1. Thus,
if both I113;c and Iltuv have rectangular shape, then by Lemma 1(77),

s 5760 (ki k> ’ K\
ElWgl’ STM?(T (§+1> <§J+1>> <bhigpw) . @

where L; = 7,1(2304M)7.

If Il(iz,c and Im)w are two “triangular” sets, then since the number of points
in these sets are not more than (2m; +1)? and (2my +1)?, respectively, we get
by applying Inequality A, with A=¢" and r < (2m; + 1)?(2my + 1)? < 81M?,

tuv |6’ (9M>6 5
E’Wabc| < NO Z Z E’X’LXI‘
(i1,1) €T, (i2d2)€T(f0,

9M)° / N\ L
LT T (emean)sg o
(i 0)€T(G}, (i22) €T,

1X1

I 153

where Ly = 75(9M )% . Similarly, if Ilabc is “triangular” and Iltuv ‘rectangu-
lar”,

abc (22)

VE\"
Nou )’

E’wtuv|5’ < L <

where Lg = 75710820 M3/2+30/4 1 7 is “rectangular” and Z(-), “triangular”,
K\
f) | (23)

E Wtu'u & < L.l XY=
’ abcl = 43 <N2b

18



Although the sets Iﬁ)ll and Iﬁ)ll do not have a rectangular shape, inequal-
ity (20) holds in these cases as well. This is easily seen, e.g. we can “replace”
Iﬁ)u with the “rectangular” set fﬂ)u, defined as Iﬁ)u but without the require-
ment (i1,1;) € Iﬁ) in the definition, and by (temporarily) defining all X; and
X with (i1, 1) € ’vaﬁ)u \Iﬁ)11 as zero. Thus, all sums over the set Iﬁ)u will be
equal to those over the “rectangular” set fﬁ)u, and we can proceed as above.

Now we use inequalities (20)-(23) to proceed the estimation of (17). We

get,

. wp 2b—1gu-1 o
Bl <21+535Z (but 6/222622& <N2b+u>

a,t=1 b=1 u=1 c=1 v=1

by 261 2ut—1 &
MWZZZ%@Q

b=1 c=1 v=1

ut 2ba—1 gu—1 §
R DI (Nzu)

u=1 c=1 v=1

Ly (bauz)? K\
<1+66 1(bgu) n
s S (e (5

a,t=1

b5/22ut 1+u5/22ba—1 <\/E> L22ba+ut)

s
N

[\~]

s

)

(")

2

2‘h
(")

v

I
T T 2) N )TN

< 93+dgd (Ll (Ing(Zkl) 10%2(%2))5/2 (K>6l

41— (1/2)%/2)2 N

1 1, (0B (2k1)) 2k, + (log (24) 72k, (ﬁ)y+ WK)’ (24)

1— (1/2)%7 N N¥

where the last inequality follows from the inequalities b, <log,(2k;), a =1, 2,
and u; <log,(2ks), u=1,2 (of which (15) is a special case).

Inequality (24) is valid for W; also when ji, jo > 1, which can be shown
by using the methods applied above. By definition, Z; 2=l [89| < (ni/ki +
1)(ng/ks + 1) <4N/K. Thus, from (14) and (24), it follows that

E|Q(4b)’5'<32526+5 Ly (log,(2ky) log,(2k5))%/? K 5/2
T 1= (12RE  \N

(log, (2k1))%"2ky + (logy(2k2))9%ky 1 (VEN\Y? 4L,
- (12 \/I_(<N> TN

By the assumptions on k1 =k;(n;) and ko =ks(ng) in the case when 0< <2,

+L;
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the right hand side above tends to zero as ni,ns — oo, and thus, by the

Chebyshev inequality, %b) L5 0as ni, Mg — OO.
When §=2, a more direct approach can be used. In this case,

EW;: Z Z Z Z Oéu ”'EX XlX Xl’ (25)

(i1, ll)EI( ) (12,12)61(2) (il l')EI(l) (i1 )EI(Q)

where the non-random coefficients o, €[0, 1]. Note that the expected value
of X; X; X Xy is zero if i1 +my <4y, 91 4+my <iy, [ +mq <1y, or If +my <y, since
in these cases at least one of the random variables is independent of the others.
Also, the expected value is zero if my+ max{is, Iy} <lo, me+ max{s}, lr} <},
mao+ i < min{ls, 1}, or my+ 15 <min{is, l5}. Thus, the number of non-zero
terms in (41) is not more than 6(2m; + 1)%(2my + 1)?K? < 486 M?K?2. When
§=2,

B|X;X; Xy Xp| < EX} + EX] + EX}, + EX; < 475,
S 3
which implies that EW? < 19447:M°K*/N*. Recall that Y ., |€g| <
4N/K. By inequality (14), with 6 = 2, E|Q (49) |2 < 1399687s M*K /N — 0,
as ni, ny — 00, and therefore ( Y 250 as nl, ng — 00. By similar arguments

as above we see that Qn Qn , Qﬁld , and Q,fe , all tend to zero in probability
as mni, no — 0o. Hence,

Q%) N 0, as ny,ny — 0. (26)

By (7), and the Cauchy-Schwarz and the Lyapunov inequalities, respec-
tively, one can verify that

T < 7_2/(25)(1 + 2(my + mg) + 4M), for all ny, ny.

Thus, we see that
4Kbpn

()
plef) < =5

By the Cauchy-Schwarz inequality, Inequality A, and Lemma 1(i7), respec-
tively,

— 0, as ny,ng — 00. (27)

7\ 1/2
ki1—1 ko—1 n1—0Vhy n2—0Vhs 26 /

Bl D 2 2 ) Xemw,

hi1=1—k1 ho=1—ko 11=1—0Ah1 12=1—0Ahs

(6))06' E’X f
EIQ’n | S N4+26

25" 1/2
E|X..|25' (4K)1+5 ki-1 ka—1 n1—0Vhy ny—0Vha
S N4+25 Z Z E Z Z
hi1=1—k1 ho=1—k2 11=1—0Ahj i2=1—0Ah2
256 MK \°
< s < ) — 0, as ni, Ng —» 0. (28)
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From (27) and (28) we see that
(5) %50 and Qn —>0 as ny, Ny — 00,

which, together with the results (11)-(13) and (26), implies that
%—%LO, as my, My —» 00. O

Proof of Theorem 2. Throughout the proof (Lemma 2 and 3 included) we will,
without loss of generality, assume that n; >k; >m; >1, i=1,2. Define §' = ¢§’,
X’L :)/:L_ou”l,’ 1€ An, /]’: ﬂ—M:X/N7 fiQ :fiz_’riz :X.iQ/nl—ﬁ, Z‘2: 17 ey TV2,
and 61'1 :éil —C :Xil./ng—ﬂ, il :1, Ny, Then

2
ey 1 o EX?
gy 2 Z05sesain) -2

1€Al, \jeB;
2
EX
B KN ) (Z Xi I)
€A, \jeEB;
) 2
+ <z(ﬂ+@-2 +ej1)1j)
€A, \jeB;
2 - -
—ﬁ ( ZXJIJ)< Z(N+Tj2+cj1>lj>- (29)
1€A!, \ JEB; JeB;

From the the proof of Theorem 2, we have

KNZ<ZXI>2 EX?

teA, \jeB;
= QY +20% +2Q% +2Q L5 0, as ny,ne — co. (30)
Let wy, = (k;—|hi|)/ki, i=1,2. We need to show that

2
7 1 L _
Q'(n,):_ﬁ Z <Z(N+Tj2+cj1)lj>
€A, \jeB;
k2—1 n1—0Vh1 n2—0Vhg

- N Z Z Z Z (At Tig+ Cir) (At Fiyhy + Ciy+hy) Why Wh,

2=1—ko 11=1—0Ah1 12=1—0Aho

tends to zero in probability as ni,ng — 00. By symmetry arguments, it is
enough to show that

1 - N~ -
N Z(M+T¢2+Ci1)(ﬂ+7“i2+c“ N +_ZT2 +_Z Cips (31)

1€EAn 12 1 i1=1
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Z Z Z ,LL + Ty + 6il) (/1 + Tipphy T 5i1+h1)wh1wh27 (33)

all tend to zero in probability. By Lemma 1(i1),
E|X..|* < 75m(64M)%

~128' __
E|M| - NQ(;I — N(;l (34)
Let
my1 ni—hi 1 ki—1 ni—hy
G(2)__ ~ =
Why Ciy Ciy +hy s n= Why Ciy Ciy+-hys
h1 1 i1=1 1 hi=mi1+1 i1=1
ma na2—hsg 1 ko—1 na—ho
go_ 1 -
'U)h27"127'12+h2, n — n whg TZQT12+h2 .
hz 1 is=1 ho=mo+1 i2=1

Lemma 2 Assume that AM, AD(m), and AL(S) are valid. Then,
E|Gn)|" < Si/ng,  BIHR|" < Sy/nf,
where S;=7;m(256Mm;)?, i=1,2. If 0<6<2, then

T, (k1 logy (2k1))°/2 + T} Ty (ks log, (2k2))°/2+ T}
Ny N /2 ’ nyNo/2 ’

where T;=3075(2n)2(92160m; M) (1—(1/2)%/?)~" and T!=392*r;n(4608m2 M)?,
1=1,2. If §=2, then

E|GR " <T!'k/(noN), E|HP|" <Tlky/(mN),

B <

EIGY|" <

where T}' =233 rsnm2M?, i=1, 2.

Proof. We only prove the inequalities for G(Ti), 1=1,2. By Inequality A and
the Cauchy-Schwarz inequality, respectively,

§/2 m1 ni—h

v m 7
EIGR) < 122%ummﬂﬂ (35)

hi=1 11=1

20’ 26’

Ele, P = B | X _ : +Emw>

I & &'
< gi+s <T677(8m2) N 75m(64M) ) < 751 (256 M) (36)

ngl Na/ ngl )

By Inequality A and Lemma 1 we have, for 11 =1, ..., ny,
T oo
n
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which, together with (35), completes the proof of the inequality for G

For the proof of the 1nequahty for Gn in the case when 0 < § < 2, the
approach (and notation) used for Qn in the proof of Theorem 2 will be used.
Let Kj,={j1:5 € K;} and &, ={g1 : g = (91, 92) € Eg}. Then, if we define

Z kv —(h =), .
le = kn Ci, Cly,
1701
(ilyll)ef}i)

we can write G52 :Zzlzl Zjlesgl Wj,. By Inequality A with A=¢" and r=3,
and Inequality B with A=¢" and r=|&,,],

E|GY 3‘5/222 > EW,IT. (37)

g1=1j1€&g,

All the E|W I‘S can be handled similarly, and therefore only the case j; =1

will be con51dered below.

Define ‘
bi-lh-n),
k1n1 uthe

Wabe=Wiahe = Z

(i1,11)ETL),

Then

. 201 9ba—1 9ba—1
Z (ZZWabc + Z W, (ba+1)(2¢—1) Z Wa(ba+1)(2c))-
c=1

a=1 b=1 c=1

By going through steps like (16)-(18), and with

<E

(which can be handled like (36)), instead of (19), we get

26! 1/2
i Ciy ¢, ) , Jag | <1and |8, <1 forall i, i,

.k
E[Wa|” < L (N;b> , (38)

where L} = 7;m%(46080m,M)%, for the case when Zfig)c have a rectangular
shape.

If Ilabc is “triangular”, then the number of points in this set is not more
than (2m; + 1)2. Thus, by Inequality A, with A=4' and 7 < (2m; + 1)2<9m2,
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and inequality (36), respectively,

1 3m1)6 - 1
Wl < B Elé,é,[°
’ b‘ = 0 Z ‘c1cl1|

1

(i1,0)€T{G),

3m )6 - 1 ~ 1 1/2 LI
<El Y (paPEa) " < 5

(39)

. 1
(i1,1)€T(0),

where L), = 751(2304Mm?)°.
Now we use inequalities (38) and (39) to proceed the estimation of (17).
We get,

b 2071 5! 2ba—1
Bl < 26'35/22 (b%ZZL’ (sz) +22 N‘5'>

b=1 c=1

2 6/2 1 9b
/ L'b k L52%
< 99 5/2 1Ya 1 2
=7 (2(1—(1/2)6/2) N) TN

, L' (log,(2k1))% [k \*  2LLk:
< 920'/235/2 1 2 K1 2 4
=2 Sz app \ V) TN ) (40)

where the last inequality follows from the inequality b, <log,(2k1), a=1,2 (of
which (15) is a special case).

Inequality (40) is valid for W, also when j; > 1, which can be shown by
using the methods applied above. By definition, 231:1 10| < mifk1+1<
2n1/ky. Thus, from (37) and (40), it follows that

g o 30202 (LY (ky logy(2k1))" I
= npNO/2 \ 4(1 - (1/2)%2) 2)

E|GY)|

which completes the proof for Gg) in the case when 0<d < 2.
Next, assume §=2. In this case,

Qi 1, 1 Ec; 61 Cy! El/
2 _ titylaby e L
EWZ= > ~ , (41)
1
(i1,0)€Zy) (3 15) ezt

where the non-random coefficients ;45,1 € [0,1]. The expected value of
Eilélléi’lél'l is zero if ©; + my < Z’l, ’Lll + mq <14, L +mi < lll, or lll +m < ll,
since in these cases at least one of the random variables is independent of
the others. Thus, the number of non-zero terms in (41) is not more than
(2mq + 1)%k? < (3m1k1)?. By (36), with § = 2,

E|&;, ¢, 6| < EE + B¢, + EE) +Ecl, < 2B75n(M /ng)?,
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which implies that EW? < 2'8757(3m k1 M/N)?. Recall that Zgl ) |8g1| <
2n1/ky.  Thus, by inequality (37) and with ¢ = 2, we obtain E|G? 9 <
22033 7smm2 M> kl/(ngN). O
Define
ki—1ni—hy ki—1ni—h1
e D3P ILTINCTEES 5 o
hi=1 11=1 h1=1 i1=1
ko—1 ngo—ho ka—1ng—ha
HY = 3 Y fawn Y = 303 funun,
h2 1 Z2 1 h2 1 12 1

Lemma 3 If AM, AD(m), and AL(J) are valid, then

s , y k3 .
ElGY P < m5n*(2048my M)’ < ! > =34,
nlN

. , , k3 6’
E[HP[?® < 757*(2048m, M) < 2 ) =34
HQN

Proof. Here we only give a proof for H,(f ). Since Zl . Ti, =0, we can write

ko—1 hg ko—1 ko—1
H(4) _ 1 _
no= T WhyTiy = _n_ E T E Whey,
2 ho=112=1 2 19=1 ho=is2

Where the last equality follows by changing the order of summation. Let a;, =
ks Zh2 —i, Why, and note that |a;,| < 1,45=1,...,k; — 1. By Lemma 1(z), with
7;, instead of X;, and with the bound

E|7,|? <75m(256M /nq)” (42)

(derived as inequality (36)) instead of the bound E|X;[? < 75, we get

Pk = 25’ K\
Rl < 2048my M 2 ,
Ny 1221042742 TN ( ma ) (TLQN)
which was to be proved. g

Now, we return to the sums (31)-(33). From (34), (36), and (42), it is easily
seen that the sum (31) converges to zero in probability. That the sums (32)
and (33) converges to zero in probability can be verified from Lemma 2 and 3,
together with inequality (34) (for the first of these two sums, inequality (36)
is also needed).
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What remains to be shown is that also

g —2 o _
Q%):'ﬁﬁ (ZXjIj) <Z<M+Tj2+cj1)jj)
1€A!, \JEB; JEB;
k1—1 ko—1 n1—0Vhy no—0Vho

=20 DD DD SN DEP (LA S AR TR

hl 1—k1 ho=1—ko 11=1—0Ah1 12=1—0Aho

converges to zero in probability as n;, n, —00. By symmetry arguments, it is
enough to show that

ko—1ni—hy no—ho

% Z X’L(ﬁ"’ Tip + 611)? N Z Z Z X ,U,—{— Tig+hs + Cu)whlwhw

1€AR hz 1 i1=1 4a=1

and

ni1—hi na—he

% Z Z Z Z X (B + Tiyrhy+ Ciyphy) Why Why, (43)

11=1 i2=1

all tend to zero in probability. The first of these three sums is actually equal
to sum (31), which has been shown to tend to zero in probability. The proofs
for the last two are similar, and therefore we give a proof only for the last,
more difficult, one.

By the Cauchy-Schwarz inequality, Inequality A, and Lemma 1(i¢), respec-
tively, it follows as in (28) that

. k1 1ko—1 ni—hy na—hs ¢ 8
64K M
N E E E E X Why Wy <’f§77( N > . (44)
hi1=1hs=1 11=1 942=1

Let i, =n7 S X, hy=1, .,k —1, and &, =1, S22 X, hy =

11=1 ia=1

1,...,ka—1, and define

( ) mi1 ni—hi 1 ki—1 ni—h:
~(1) 2 : 2 : ~(2) j : 2: = ~
Gn - whlczlhgczﬁ—hu G’I’L _:n,— whlcilhzci1+h17
h1 1 71=1 1 hi=mi1+1 i1=1
ma no—ho ko—1 no—hso
(1) _ § : 2 : E :
H’n - whzrlzhlrlz-i-hza Hn = wh2T12h1rlz+h2
h2 1 22=1 h2 ma+1 i2=1

The upper bounds for E|¢;,|*" and Em?]?‘sl, given in (36) and (42), are upper
bounds for E|G,,|*" and E|F,n, |?, respectively, as well. Thus, it is not too
difficult to see that the results given for Gn) and Hq(l) in Lemma 2, are valid
also for Gn and H7(1), i=1,2, respectively. From this and (44) it follows that
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the sum (43) tends to zero in probability. Thus, we have shown that both Qg)
and Qg) tend to zero in probability, and this, together with (29) and (30),
completes the proof of Theorem 2. O

Proof of Corollary 1. By (8) and Inequality A, £7)(f“y§f“e)—fyn)2 <2430 E(Q%))Q.
In the proof of Theorem 1 it was shown that E(Q'2)2 = O(N~1) and E(Q{))? =
O(KN™Y), 1=4,6. That E( (ﬁ))? = O(N71), i=1,5, follows by applying the
same approach as for 1=2. Finally, by Inequality A, E(Q%ﬂ)2 = Ok *+k5?).0

Proof of Corollary 2. From the proof of Theorem 2, %{Le’) — VY = Q(Ti) +
22?:2 QY + 2?27 Q% and therefore, by Inequality A, E(%{l ¢ —Yn)? <
2430, E(Q(T?)2 +3°8 B( %))2). From Lemma 2 and 3, together with (34),
(36), and (42), it follows that E(Q{)? = O(KN=! + kny2 + k2ny?), i="7,8
(for 1=8, note that the results given for G%) and H}f) in Lemma 2, are valid
also for G\ and AP i=1,2, respectively). For E(Q%))Q, i=1,2,3,4, see the
proof of Corollary 1. O
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