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On the Estimation of the Distribution of Sample
Means Based on Non-Stationary Spatial Data

MAGNUS EKSTROM and YURI BELYAEV

Swedish University of Agricultural Sciences

ABSTRACT. Two different methods of estimating the distribution of sample
means based on non-stationary spatially indexed data {X; : ¢ € 7}, where Z is
a finite subset of the integer lattice Z2, are presented. The information in the
different cells in the lattice are allowed to come from different distributions, but
with the same expected value or with expected values that can be decomposed
additively into directional components. Furthermore, neighboring lattice cells
are assumed to be dependent, and the dependence structure is allowed to differ
over the lattice. It will be shown under such rather general conditions that
the distribution of the sample mean can be estimated by resampling, as well
as by a normal approximation for which a non-parametric estimator of variance
is provided. The developed methods can be applied in assessing accuracy of
statistical inference for spatial data.

Key words: resampling, m-dependent random variables, estimating distributions, spatial data
on integer lattices.

1. Introduction

It is well known that Efron’s (1979) bootstrap, based on independent and identically
distributed (i.i.d.) observations, provides good estimators in nonparametric statistical
analysis. However, Efron’s bootstrap fails if the observations are not independent (cf.
Singh, 1981, Remark 2.1). For making the bootstrap suitable for dependent observa-
tions, various block resampling methods have been proposed. Instead of drawing one
sample observation at a time, as in Efron’s bootstrap, a block of sample observations is
drawn where the size of the block should increase at some rate as the sample size gets
larger. In the present paper, some block resampling methods for spatially dependent
data are proposed. The specific use of blocks for such data was first studied by Hall
(1985). Other contributions have been made by Hall (1988), Garcia-Soidan & Hall
(1997), and Lahiri et al. (1999), among others. See also Chapter 5 in Politis et al.
(1999), and the references therein.

Block resampling methods, like those suggested in the articles mentioned above,
have been proposed to handle stationary spatial data. In this paper methods of es-
timating the distribution of sample means based on non-stationary spatial data are
proposed.

Assume that we have some spatially indexed data, i.e. {X; : ¢ € T}, where T is
a finite subset of the integer lattice Z2. Remote sensing data from satellites are, for



example, of this form. For simplicity, the case when Z is rectangular will be consid-
ered, but extensions to non-rectangular subsets of Z2, that possess some regularity, are
possible. The kind of data we consider is of the following type: The values registered
at different lattice cells are allowed to come from different distributions, and the de-
pendence structure is allowed to differ over the lattice. We assume that all observed
values are from distributions with the same expected value, or with expected values
that can be decomposed additively into directional components. Furthermore, it will
be assumed that observations separated by a certain distance are independent. The
distribution of the sample mean under such conditions does not necessarily converge
to a limit distribution. However, it will be shown that the sequence of distributions of
sample means weakly approaches a sequence of normal distributions, for which Ekstrom
(2001) provided consistent non-parametric variance estimators.

The concept of weakly approaching sequences was introduced by Belyaev (1995),
and further developed by Belyaev & Sjostedt-de Luna (2000). It is a natural general-
ization of weak convergence, without the need of a limit distribution.

A block resampling scheme is also suggested in the present paper, and it is shown
that the proposed sequence of resampling estimators weakly approaches the sequence
of distributions of sample means, in probability. The type of estimators considered
in this paper has been studied earlier by Belyaev (1996), who considered triangular
arrays of row-wise finitely dependent r.v.s, and proposed blockwise resampling schemes
for estimating distributions of sums of r.v.s. Lemma 1-2 and Theorem 1-3 in the next
section extend and modify results of Belyaev (1996) to spatial lattice data.

This paper is organized as follows: In the next section the estimators are introduced,
and the obtained theoretical properties are presented. In Section 3, a simulation study
is carried out in order to compare the different estimators. In Section 4 an approach,
developed by the second author, for estimation of accuracy of discretely colored maps
is considered. Proofs of lemmata are given in the Appendix.

We use the following notation: All sets are shown by calligraphic letters A, and
|A| is the number of elements in A; r.v.s are denoted by capital letters; point in index
position is used for sums, e.g. X.. =>". Zj Xij; bold letters are used for vectors and
lists; £(Z) is the distribution (probability measure) of a r.v. Z; Fz(-) and Fz(- | U)
are the distribution function of Z and the regular conditional distribution function
of Z given the r.v. U, respectively; N(u,0?) is the normal distribution with mean p
and variance 02; a A b = min{a, b}; a V b = max{a, b}; a, < b, is used for sequences
{an}n>1, {bn}n>1, for which there exist two constants 0 < ¢; < ¢, < oo such that
c1 < ap/b, < ¢y, n=1,2,... We use L for convergence in probability and — for
weak convergence. Two sequences of r.v.s {U} }n>1 and {U] },>1 have weakly approach-
ing distribution laws {£(U})}n>1, {L(U})}n>1, if for any bounded continuous function
f(), E[f(UL)]) — E[f(U")] — 0 as n — co. Then we write £(U") <% £(U"), n — oo.
Let {U,,, Zn}n>1 be a sequence of pairs of r.v.s and {L(U}, | Z,)}n>1 be the sequence of

regular conditional distribution laws of U,, given Z,. We write L(U, | Z,) pAas L(U))
if B{f(U.) | Z,) — E[f(U")] -5 0, n — oo, for any bounded continuous function f(-).



2. Results

Assume we have spatially indexed data X,, = {X; : © € Z,,}, where Z,, = {7 = {4,142} :
i1 =1,..,mn1, and i = 1,...,n2}, n = {ng,ny}. Observations separated by a certain
distance will be assumed to be independent, as formalized in the following definition.

Definition 1
The r.v.s X;, 1 € I, are said to be spatially m-dependent if X; and X, ¢',1" € I,
are independent whenever |7} — i{| > my or |if — 15| > mq, m={m;, msy}.

Remark. The results in this paper hold for more general data than indicated, i.e.,
the results are valid for arrays X, ={X;n : ¢ € I}, n1,n2=1,2, ..., of collections of
r.v.s X; n, such that for each n, the r.v.s in X, are m-dependent. To keep the notation
manageable, we will write X; rather than X; .

Define m; o =mymy and n; 3 =n1n,. Also, let X.. :ZieIn X;, X.. :{{../nl,g, and

Yn=n12Var[X..]. We are interested in the expected value ji.. = F[X..]. X.. is a point
estimator of fi.. , and in order to do inference, e.g., confidence intervals, we need to
estimate the distribution law £(,/n12(X..—f..)). Below, we suggest different methods
for estimating this distribution. We introduce the following assumptions:

AM: For all n, E[X;] =0, 1 € Z,,.
AD(m): For all n, the r.v.s X;, © € Z,,, are spatially m-dependent.
AL(0): For all n, and some positive constants § <2 and 75, E[|X;|>*°] <75, 1 € .

By AM and AD(m), we have

] miA(n1—i1) maA(n2—iz)
W@Z(E[xm > 2BXiXiwmal + Y 2B[XiXiin)
T ieln h1=1 ho=1

miA(n1—i1) maA(na2—iz)

+ 2E[XiXi1 1 hy jio-+hs)
h1=1 ha=1
miA(n1—i1) maA(iz—1)
+ 2E[X11Xi1+h1,i2—h2]> : (1)
h1=1 ho=1



Theorem 1
If AM, AD(m), and AL(0) are valid, then

E(\/n—l,Q'X'..) &2 N(0,7v,), as ny,ng — 00,

i.e., the sequences of distribution laws {L(/M12X..) tname>1 and {N(0,vn) tnyno>1 weakly
approach each other as nq,ny — 0.

Remark. If in Theorem 1, 7, — v > 0, as ny,ny — oo, then ‘/nLgX.. converges
weakly to N (0, ). This weak convergence also follows from more general results, e.g.,
from Theorem 6.1.2 in Lin & Lu (1996) on a-mixing random fields.

Let

Spj-1i = {0 —Dki + (G — DUmi + 1, ..., Gk + (5 — Dma) Ang}, 0= 1,2,
32]',1‘ = {]kZ —+ (] — 1)mi + 1, ceny (]kl +]ml) N ni}, 1 = 1,2,

and define the following rectangular blocks of indices,

’T(l) = {'L : il ESQJ‘I 1,1 and ’iQGSsz 12} ]Ej(l):{(l 1); ) (31:52)})

J
7; = {’I, 2168231 1,1 and Zg€52]2 2} ]EJQ)_{(l > .,(81,t2>},
7; = {’L Zl 652311 and 7,2682]2 12} JEJ {(1 > .,(tl,Sg)},
7; ={i:y € Sy;,,1 and 22682j2,2}> JEJ :{(1 1), ..., (t1,t2)},
where k, > my, and sy, t,, h = 1,2, are the largest integers such that,
kn+mp +np — 1 mp +np — 1
s and ¢, < ——M, s, —t, < 1. 2
h= kn + myp h= kn +mp h b= <)

We can write X.. = >3, XP where

-1y vx

JEJ(Z) zeT(l)
Define 74 = nl,QVar[)_(,(zl)].

Lemma 1
Under the assumptions of Theorem 1, and if kn=o0(ny) as kp,np — 00, h =1,2,

(i) AaX® L£50,1=2,3,4, and (i) YV —yn — 0,

as ni, g — OQ.



Lemma 2 (Ekstrom, 2001)

Assume, for all n and i, that a;=ca;(n) has an absolute value less than or equal to 1.
Then, under the assumptions of Theorem 1, for some constant n>1 and bp—a, > my,
h=1,2,

r bh 2+6
() B Y o < 75n(8ma(bh—an)) 2, R =1,2,
L tp=ap+1
B by by 246
@  Ef Y Y wX < 15m(64my 5(by —ay) (by —ag)) /2,
t1=a1+1i2=a2+1

Proof of Theorem 1. The desired result is proved by Belyaev & Sjostedt (1996) in
the case when the r.v.s X;,4 € Z,,, are independent. That is, if AM, AD(0), and
AL(6) are valid, then

L(\/n12X..) &% N(0,9n), as ny,ng — 00. (3)

Without loss of generality we assume that m;, my > 1. By (1), the Cauchy-Schwarz,
and the Lyapunov inequalities, respectively, one can verify that

Tn S 7-52/(2_’-6)(1 + 2(m1 + mg) + 4m1,2), for all 1, N9, (4)

and therefore the collection of r.v.s {,/T1,3X .. }n, n,>1 is tight. If the difference of ele-
ments of two random collections tends to zero in probability, and if one of the collec-
tions is tight, then the other collection is also tight and the collections weakly approach
each other in distribution (Lemma 7, Belyaev & Sjostedt-de Luna, 2000). Thus, by

Lemma 1(7), it is enough to show that L, /nl,gX',(,l)) <% N(0,7,), as kp/np — 0 and

kn,np — 00, h =1, 2.
A SR
1,2

Consider the r.v.s,
ieT®

By their construction, they are independent and have expectation zero. Further, by
Lemma 2(i7) and the upper bound (2) for sy, for any n, > kp V mp, h = 1,2,

0
E UXJ.

244 146/2 2 Shkh 1+o/2 14+6/2
} < 7o (64my ) 2 ] | (T) < 75n(576my ) 2.

h
h=1

Hence, the r.v.s XJ(-D, j € JW, satisfy assumptions AM, AD(0), and AL($) (with 75
replaced by 757(576m1 ) +%/2). Thus, by (3), with X](.l) instead of Xj, s;, instead of ny,



and by noting that | /nlyg)@g) = Zjej(l) X;l)/,/slsg, it follows that L, /nl,g)—(g)) &

N(0, %(11)), as sy, Sg — 00.

Observe that inequality (4) implies that the collection of normal distributions
{N(0,7pn)}n is tight as n;,ny — oo. Two random collections, of which one is tight,
weakly approach each other in distribution if and only if the difference of their charac-
teristic functions tend to zero (Theorem 1, Belyaev & Sjostedt-de Luna, 2000). From
Lemma 1(77), Y =~ = 0, and so N(O,%(ll)) & N(0,vn), as kp/ny — 0 and
kn,ny — 0o, h =1,2. Thus, we have

[’(\/ nl,ZX") (ﬂ) L(\/ nl,QX'r(zl)) &} N(0771(7,1)> <ﬂ> N(O77n>a

as kp/np — 0 and ky, np, — oo, h = 1,2, and this completes the proof. O

For making use of Theorem 1, we need to know or estimate the variance 7y,. Define
rectangular blocks of indices

{71, 72} - i+ k= 1,52}
{j,je+ka—1} -+ {j1+k—1,52+k —1}
and let )
X;=) (Xi— X.) I (6)
1:68_7'

where I; is equal to 1 if ¢ € Z,,, and zero otherwise . In Ekstrom (2001) the following
estimator of v, is proposed:

o= 3 (X3, 7)

k1,2n1,2 jeTn
where k; o = k1ko =|B;| is the block size, and J,, ={j ={J1, j2} : j1=2—k1,...,n1, and jo=

2 — kQ, ...,TIQ}.
We make the following assumption on k; and ks:

AK(0): If § = 2, then ky = o(ny,) as ky,ny — oo, h=1,2. If 0 < § < 2, then
(k‘l/kg)((klkg/(nlng))10gk2>6, (/ﬂg/k1>((k1k2/(n1n2)>logkl)é, and (kh/nh) logkh, h =
1,2, all tend to zero as kj,n, — oo, h=1,2.

Remark. If ny < ny, ki =< ky, and kyn'logk, — 0, as min{ny, n, k1, k2} — 00,
then AK(J) holds for any 0 < § < 2.

Theorem 2 (Ekstrém, 2001)
If AM, AD(m), AL(0), and AK(0) are valid, then

. P
Yn — Yn —> 0, as ni,ng — 0.
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Remark. Alternatively, the estimators of variance suggested by Politis & Romano
(1993) and Sherman (1996), which are consistent under the assumptions of Theorem
2, can be used. Further, if § =2, then for some ¢; > 0, E[(n — n)?] < 61(/61,2”1_,% +
kT2 +k3?). Thus, if ny < ny and ky, < \/ng, h =1,2, then V2Bl —7n)? = O(1).
See Ekstrom (2001).

By Theorem 1 and 2, N(0,4,) can be used as an estimator of the distribution
£(\/7T,2()_( .. — [i..)). Alternatively, a different, possibly non-normal (except in the
asymptotics), approximation can be used, as will be seen in the next theorem. Let By
denote the collection of blocks {B; : j € J,.}, and let by o= (n1 + k1 — 1)(ny + ko — 1)
denote the total number of blocks in Bj. Draw randomly d; » blocks with replacement
from By, and let M} equal the number of times the block B; appears in the set By, of re-
sampled blocks. Hence, { M}, j € J,} follow a multinomial distribution and E*[M7]=
dipbiz, BY[(M})?] = diobia(1 = by + digbis), and E*[M5 M%) = diobi3(—1+ diy),
3’ # 3", where E* denotes the expectation over the resampling distribution.

Let

_ 1 b12 1/2
X = — E M:X3.
" ny2 <k12d12> : 3
JE€EIn

The distribution of X,j depends both on the original randomness of X,, and on ran-
domness generated by resampling from the collection of blocks Bj. We will consider
the conditional distribution of X given the data X,.

From (6) we have that

Z )(]o = kl,QX-- — kl,gnl,g)—(.. = 07 (8)
jejn

and thus E*[X*|X,,] = 0. Moreover, from (8) we see that
2
Z Z X;/X;-)// —_ Z (X;)) y
§'€Tn §" €Tn 3" #5' J€Tn

and so

B [(y/AraX3)’ Xa] = S ST BMMEIXG X

n12k12 1,2

JE€ETn G E€ETn
b1 <d12 ( 1 d12> di 2 > )
T e l——+ = 1+d X<> = .
n1,2k1,2d1,2 bl 2 bl 2 b]_’z b% 9 ( 1 2) Z ( ) Tn

J€EIn

Thus, the conditional variance of |/n1 ,.X}; given X,, approaches v, as n;,ny — oo.



Theorem 3
Under the assumptions of Theorem 2, and if di o— 00 as ny, ngy— 00,

L( /M2 X5 Xn) pidSi L(\/M2X..), asny,ng — oo,

e., the sequence of conditional distribution laws {L(\/M2X5 X0 ) bnymes1 weakly ap-
proaches {L(/M12X..) }nino>1, 0 probability, as ny,ng — 0.

Remark. From Theorem 3 above, together with Lemma 9 in Belyaev & Sjostedt-de
Luna (2000), it follows that sup, |F R (21X0) = F sz (2)] 50, as ny, ny — 0.

Let U(z) =e* — 1— 2 — 2%/2.

Lemma 3
Under the assumptions of Theorem 3,

d b 12
R, = -12 E Ut X7 (——12——> £, 0, as ny,ny — 00.
512]67” n1,2k12d5 2

Proof of Theorem 3. Without loss of generality, we assume that m; Am, > 1. Note
that ny o(ky2d) 2/b12) /2 X7 is a sum of dy 5 i.i.d. r.v.s X9, ...,X§:1n2, where X;* takes
the values X7, j € Jy, with probability b;llnz 0n~each value. By this fact and (8), the
conditional characteristic function ¢} (:|X,) of X given the data X, can be written

as
b 1/2 di,2
;t :E* ez’t,/'nl,2 ex ’I:t)(('> (—1'L—>
o (1Xn) { ] (Z by p( T\ nigkyodiy

JETn
2 b 1/2) \ 2
D Dje i tho(_’__)
2”1,2k1,2d1,2 Jg‘;n( ) b1 2 JEXJ: n1,2/€1,2d1,2
2y, 2 R, \ %
1-— Yy, — —_— .
< 2d1 )2 + 2d1 ,2 (’Y ’Yn) * d1,2

By Theorem 2 and Lemma 3, for any given ¢t € R,

o (tXn) — exp(—t27,/2) 250, as ny, g — oo, (9)
where exp(—t%y,/2) is the characteristic function of the normal distribution N (0, v,,).
Inequality (4) implies that {N(0,v5)}n is tight Hence, by Theorem 2 in Belyaev &

Sjostedt-de Luna (2000), £(y/M12X4|%Xn) €= N(0,7,), as ny, ng — 00,
Denote the characteristic function of /73X .. by ¢, (-). By Theorem 1 in this paper
and by Theorem 1 in Belyaev & Sjostedt- de Luna (2000), ©n(t) — exp(—t*yn/2) — 0,

8



as ni,ny — 00, for any given ¢ € R. From this result, together with (9), we get that

ok (t1Xn) — pnl(t) N 0, for any given t, as ni,ny — co. Hence, Theorem 2 in Belyaev
& Sjostedt-de Luna (2000) implies the desired result. O

Similar results can be obtained under the following more general assumption on the
first moment:

AM': For all n, E[X;]=u, 1 €Z,, where u may depend on n.

Corollary 1
If AM', AD(m), and AL(d) are valid, then

(1) L(ymia(X.. — p) <= N(0,7,), as ny,ny — oo.

If, in addition, AK(6) is valid, then
(17) A — Tn £, 0, as ni,ng — 00,

and if dy o — 00 as ni,ng — 00, then

(i))  L/AaXnlX.) ©E L /ma(X. — 1), asny,ny — oo,

Proof. Note that the r.v.s X?=X; — u, i € Z,,, satisfy the assumptions of Theorem
1, and that X%=n73 >, ; X? = X..—p. This implies that £(,/T12(X..—u)) &

N(0,7x), as ny,ny — 00, and thus (4) is proved. Since

XP=> (X-X)L=) (Xi-X.)=X;

icB; icB;

we see that neither 4, nor )Z';; depend on . Hence, Theorem 2 and 3 implies (i) and
(111), respectively. O

Below we consider a case when observed r.v.s do not have a constant mean.

AM": For all n, we have Y; = u; + X;, where X;, © € Z,, satisfy assumption AM.
ui decomposes additively into directional components, i.e., u;=p + 4, + ¢;;, where p
is the overall mean, r;,, io=1,...,n9, are the row effects, and ¢;,, 41 =1, ...,ny, are the
column effects. All effects, p, r;,, ia=1,...,n9, and ¢;,, 91 =1, ..., n;, may depend on n.

It should be noted that the row and column effects are defined as deviations from the

overall mean so that Y % r;, =0 and ) 7", ¢;, =0.



Theorem 4
If AM", AD(m), and AL(S) are valid, then

L(yia(Y.. — 1)) <= N(0,7,), asny,ng — oo.

Proof. The result is an immediate consequence of Theorem 1 and the fact that
=Y..—p. O

;‘><: |

The ordinary-least-squares estimators of the effects are

_ Y. 1
,LL:Y = — = — E )/;,
N2 12 i o7
™
n
. Vi, . 1 ¢ .
Tiy = n -MZE—E Y; 1y 7’2_17 y N2,
1 1i1:1
ng
O N 1
Ci, = n - —’TL_ [ M, 1= 1,...,1
2 2i2:1

Thus, we estimate p; with f; =i + 7, + ¢;,, and we can define residuals, e; =Y; —fi;,
1€1,.

Next we want to estimate the variance v, =n;,Var[Y..] :nl,QVar[X..]. It should
be noticed that the r.v.s Xj;, © € Z,,, are not observable, and that we therefore cannot
use the “old” estimator 4, of the variance ,. Further, we cannot replace the X;s with
the Y;s in the formula for %, since the varying mean values of the Y;s will then ruin
the estimate of the variance 7,,. We can, however, replace the X;s with the residuals,
and so we obtain the following estimator of variance:

. 1 .
o = S (),

kiamn
1272 S

< P— . .
where Y = Ziij eil;.

Theorem 5 (Ekstréom, 2001)
If AM", AD(m), AL(6), and AK(S) are valid, then

nt P
Yo — Yn — 0, as ny,ne — oo.

Remark. If §=2, then for some c; >0, E(§,,—yn)* < ca(ky, 2n12+k 21 ky +k2 24
k3ngy?). Thus, if ny < ny and ky, < \/ag, h=1,2, then /M1 2E(J, — 7n)? = O(1). See
Ekstrom (2001).

10



By Theorems 4 and 5, N(0,4,,) can be used as an estimator of the distribution of
JT12(Y..—u). Alternatively, the following technique can be used. Let Y, = {Y; : 3 €
Z,}, and define

N 1/2
pro L < Lk ) S vy,

n ki od
1,2 1,201,2 P

Theorem 6
Under the assumptions of Theorem 5, and if dy o —00 as ny, ng— 00,

ad wa (P
L(/n12Y|Yn) 3 L(/ra2(Y..—p)), asny,ng — oo.

Lemma 4
Under the assumptions of Theorem 6,

di . ( b2 )1/2 P
R, = —= Ulaty? | ———— — 0, as ni,ng — oo.
b1,2 j§ < J n1,2k1,2d1,2 b

Proof of Theorem 6. The proof is almost identical to the proof of Theorem 3. Only
some changes of notation are needed, and the references to Theorem 1 and 2, and
Lemma 3, should be changed to Theorem 4 and 5, and Lemma 4, respectively. g

Remark. 1t is easily seen that the results in this paper hold also for rectangular index
sets Z expanding in all directions, i.e. for Z = {2 : iy =—ny,...,n; and ia=—ng, ..., N2 }.
Moreover, the assumption on the index set to be of rectangular shape can be relaxed
by using “subshapes”, as described in, for example, Sherman (1996).

3. A simulation study

In this Monte Carlo study, non-stationary spatially m-dependent data X;, © € Z,, are
generated, where each X; is a weighted average of independent and skewly distributed
r.v.s such that X; has a small variance if both 4; and i, are small, whereas the variance
of X; is large when 7; and i, are large. To be more specific, let m; = 2, for some
integer I, > 0, h=1,2, and define weights w(z) =v;/ 22‘11:—11 Z;z:_b vj, where v; =

((1 + |11|)(1 + ‘i2|)>_1, ’1;1:—11, ...,ll, igz—lg, cey lg. Define

114101 ig+l2

Xi= S wl{lis— il lia - 2l}) (2 — ELZ]),

Ji=t1—l1 je=ia—l2

11



where the r.v.s Z; are independent and log-normal with parameters 8 = E(log Z;) =0,

and )
1 i+ 1 )
oj = 1/Var(log Zj>:§ Z ijﬁ—l’ for all 3.

h=1

For judging the performance of an estimate F},, of the distribution F,, of | /M1 2 (X..—
1), we calculate the maximum absolute difference sup, |, (z) — Fp ()], where F, will

be represented by the empirical distribution of 1 million replicates of |/m2(X.. — p).
Three different estimators of F,, will be considered:

NA: Normal approximation with the variance estimated by #,;

R1: Resampling estimator |, /nl,g)?fl with dy o = by (this choice of d; 5 corresponds
to the number of resampled blocks used by Belyaev (1996) & Sjostedt (2000) in
their resampling schemes for sequences of m-dependent r.v.s); and

R2: Resampling estimator , /nl,g)?; with dy 2 = [n12/k1 2] +1, where [z] denotes the
smallest integer greater than or equal to z.

In our study, 250 samples of X,, are generated for each choice of rectangular shapes of
the index and blocks sets, N =n; X ng, K =k; X ko, and m = {my, my}. The maximum
absolute differences for each of the three estimators of F,, are calculated. In Table

1-7, the mean (Mean) and the standard deviation (StDev) of the maximum absolute
differences are presented for each estimator.

NA R1 R2
Block size (K) || Mean | StDev || Mean | StDev || Mean | StDev
5% 9 0.059 | 0.031 0.078 | 0.029 0.079 | 0.030
10 x 10 0.065 | 0.040 0.085 | 0.037 0.089 | 0.038
15 x 15 0.079 | 0.048 0.097 | 0.046 0.108 | 0.043

Table 1. N =25 x 25 and m = {1,1}.

NA R1 R2
Block size (K) | Mean | StDev || Mean | StDev | Mean | StDev
5 x5 0.085 | 0.041 0.102 | 0.039 0.104 | 0.037
10 x 10 0.080 | 0.047 0.098 | 0.044 0.106 | 0.043
15 x 15 0.084 | 0.055 0.102 | 0.052 0.113 | 0.050

Table 2. N =25 x 25 and m = {2,2}.

NA R1 R2
Block size (K) || Mean | StDev || Mean | StDev | Mean | StDev
5% 5 0.045 | 0.022 0.067 | 0.021 0.069 | 0.021
10 x 10 0.037 | 0.025 0.061 | 0.024 0.063 | 0.023
15 x 15 0.046 | 0.032 0.070 | 0.029 0.071 | 0.031

Table 3. N =50 x 50 and m = {1,1}.
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NA R1 R2
Block size (K) || Mean | StDev || Mean | StDev || Mean | StDev
5% 5 0.078 0.025 0.098 0.025 0.097 | 0.025
10 x 10 0.049 | 0.029 0.070 | 0.027 0.074 | 0.027
15 x 15 0.053 0.034 0.075 0.031 0.079 0.032
Table 4. N =50 x 50 and m = {2,2}.
NA R1 R2
Block size (K) || Mean | StDev || Mean LStDev Mean | StDev
15 x 15 0.017 0.009 0.045 0.014 0.045 0.014
20 x 20 0.016 0.010 0.045 0.012 0.045 0.014
25 x 25 0.018 0.011 0.045 | 0.013 0.046 0.015
30 x 30 0.017 0.012 0.045 0.014 0.047 0.014
Table 5. N = 250 x 250 and m = {1,1}.
NA R1 R2
Block size (K) || Mean | StDev || Mean | StDev || Mean | StDev
15 x 15 0.025 | 0.012 0.050 0.015 0.052 0.014
20 x 20 0.021 0.012 0.046 0.013 0.048 0.016
25 x 25 0.020 | 0.013 0.047 | 0.015 0.047 | 0.014
30 x 30 0.020 | 0.013 0.048 0.016 0.049 0.016
Table 6. N = 250 x 250 and m = {2,2}.
NA R1 R2
Block size (K) || Mean l StDev || Mean | StDev || Mean | StDev
15 x 15 0.033 | 0.013 0.057 | 0.016 0.057 | 0.014
20 x 20 0.026 0.013 0.051 0.015 0.052 0.015
25 x 25 0.023 0.014 0.049 0.015 0.051 0.016
30 x 30 0.024 | 0.015 0.051 0.017 0.051 0.016

Table 7. N = 250 x 250 and m = {3,3}.

In Table 1-7 we see that the normal approximation performs the best, even for rather
small values of N. Further, for the resampling estimator /n12 X}, there is no real gain
in choosing the number d; » of resampled blocks as large as b o; d12 = [n12/k12] +1
seems quite enough. To state guidelines on how to choose an optimal block size in a
given situation is a difficult task under the assumptions given in this paper, and will
not be discussed here. It is clear, however, that the block size should increase with n;
and n,. Also, the optimal block size depends on the strength of dependence, as seen
in the tables above. _ _
The estimators N(0,%y,), £(y/P12Yyy) with di2=b12, and L(,/7Y}}) with dip =
fnl,g /k12] + 1, gave less satisfactory results in our simulations, and we do not recom-
mend these estimators unless n; and n, are larger than in the simulations in this paper.
An alternative to these estimators will be presented in a forthcoming paper.
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4. An application to assessing characteristics of accuracy of discretely col-
ored digital maps

The methods considered in this paper can be applied to assessing characteristics of
accuracy of discretely colored maps created by using remote sensing data (Belyaev
2000a, b). For example, different types of landscapes can be shown in maps by using
different colors. Let I = {1,2,...,q} be the number of colors used. A digital discretely
colored map is a collection of small colored squares called pixels. We consider the lattice
Z? = {1 = {i1,42} : 01,7 = 0,1,2,...}, and the i-pixel is the square with the vertices
{i1,12}, {i1+1, 12}, {i1+1, 49+ 1}, {41, 92+ 1}, whose color is coded by a digit ¢; € K. We
denote pixels as {2, ¢;}, ¢ € Z% The same area can be shown by maps having different
number of pixels. We consider a rectangular digital map 9, = {{,¢;} : ¢ € Z,,}
where as above Z,, = {¢ = {i1,42} : 11 = 1,...,n1, ia = 1,...,n2}. Suppose that all
pixels are correctly colored, i.e. 9, is the true map with n; o, = niny pixels. Usually
it is impossible or too expensive to create the true maps. Instead remotely sensed
data S, e.g. data registered by satellite sensors, are used to obtain approximations
to the true maps. Suppose that some classification based on S is used in selecting
colors of pixels. Denote by ¢} the (number of the) color obtained after classifying a
part of the data s; € S related to the z-pixel. Assume that the cross-classification
probabilities py(s) = P(c; =1 | ¢; = k, s; = s) are known. Here, py(s) is the
conditional probability to select color ¢; = [ given the true color ¢; = k and the related
remotely sensed data s = s;. For sake of simplicity we assume that [ € K and square
matrices P(s) = (pri(s)), s € S, have full rank. Then there exist inverse matrices
P~!(s) = (p*(s)), s € S. The numbers Ny, of pixels which have the true color k¥ and
have been classified as having the color [, are important characteristics of accuracy of
the created map My, = {{¢,c}} : ¢ € Z,,}. By using the indicator functions we can

write N, as follows:
Ni=)_ Ilei = K)I(c =1). (10)

i€Zn
Its mathematical expectation is
E[Np) =) I(ci = k)pilsi). (11)
1€Tn

Both values Ny, and E[N})] are not feasible. However, there exist the unbiased estima-
tors B[Ny
Ny, = Z I(c; = k)pri(ss), (12)

1€y

=k) = p*(s)I(c; =1). (13)

lek

where
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We will consider digital maps with very large numbers of pixels n. For simplicity, we
will consider the asymptotic behavior as n;,n, — oco. We can consistently estimate
variances and distributions of normed deviations (N}, — E[Ng) /P12, k,1 € K. Let
91,2 be the number of all boundary pixels, i.e., the pixels whose colors differ from the
colors of some of their neighboring pixels. We need the following assumption:

AB: g12/(niAng) <c<oo as ny,ng — 0.

In words this assumption means that the number of pixels in 90,,, constituting the
boundaries dividing subsets of pixels having the same true colors, is comparable with
the minimal diameter of Z,,. Heuristically, this means that the boundaries dividing
subsets of pixels having the same colors in the true map 91,, can be well approximated
by smooth curves.

The r.v.s X; considered in Section 2 will be defined here by the following relation:

X; =1I(c; = k)pr(s) — I(c; = k)pr(s), 1€y, (14)

We will use the same collection By of blocks B; defined by (5) and suppose that the
results of classification {c{ : @ € Z,,} are m-dependent, m = {my, my}. Then AD(m)
holds for X,,. We also introduce the following assumptions:

AC: supges maxg [p*(s)] < ¢ < oo,
AK': ki < ko, k1/\/n1 — 0, and ky/\/ng — 0, as ng,ng — 0.

From AC it follows that all | X;| are uniformly bounded and AL(d) holds for any § > 0.
If AK' holds then AK(2) also holds. Hence, all results stated in Section 2 are valid
for r.v.s X;, 4 € Z,, defined by (14). But we can not directly use them in assessing
distribution of deviations

V11,2 VAL icT, ’

because the values of indicators I(c; = k) are not observable. Henceforth, in order to
be brief, we suppose that mq, mo, k1, ko are even.

We can solve the problem of assessing variance and the distribution function of
deviations (15) by using instead of X the following r.v.s:

X; — Z(_1)I(i1>j1+k1/2)—+—[(i2>j2+k2/2)f(ci — k)sz(S>-

i€B;

Let

X} = Z(_1)1(i1>j1+k1/2)+1(i2>j2+k2/2) (X; — X)L,
i1€B;

15



and

Theorem 7
Suppose that the random pizels’ colors C;, = {c}, © € I} in the created map I}, are
m-dependent and assumptions AB, AC and AK' hold. Then

Y — Tn N 0, as mny,ng — 0. (16)

The proof of (16) is rather long. Here we give a short sketch of it. In the proof we use the
equality X7 = X7 if B; is inside of Z,, and it does not contain boundary pixels in 91,.
Assumption AB implies that the share of such blocks tends to one as ny,ny — oo. Let
AVG km)={i: j<i<j+(k—m)/2} and AP (G, k;m)={i: j+ (k+m)/2 <
i <j+k} and let Bgs’t){i iy € AB(5y, by, my), dp € AW (G, ko, my)}, st =1,2. We
define the following r.v.s:

Further we prove that

1

k1,2n1,2

> > X+ R

JETn s,t=1,2

~o
’Y’n—

where Ry, £ 0as ni, ne — 0o. We then use Theorem 2 in Ekstrém (2001) for each sum
(k) on1p) ™! Zjejn(XJ(-s’t))2 with &} , = (k1/2)(k2/2), and we obtain relation (16). The
random sampling of d, 2 blocks B; € By, 7 € Jn, can also be applied here. Let

o 1 by 2 V2 %o
Xpr = ( ) > MiX;.

n1,2 n1,2/€1,2d1,2 jeTa
Theorem 8
Under the assumptions of Theorem 7,
= wa Ny, — E[N,
LX;|C) 4 B |~ Vi , G ni,ny — 00. (17)
VAL

The proof of (17) can be obtained by using the same method as in Section 2. The
detailed proof of Theorem 7 and 8 will be given in a separate paper with several numer-
ical examples. Presently we do not know how large n;, no should be so that it would
be possible to apply the suggested asymptotic approach.
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5. Appendix
Two useful inequalities:

Inequality A: For any positive numbers z1, ..., z, and A > 1 we have, from the Jensen
inequality,

(14 .. +2) <A+ 2.

Inequality B: For any independent random variables Z1, ..., Z, and A>1, with E[Z;]=0
and E[|Zy| < oo, h=1, ..., 7, it holds that

El\Zi+ ..+ Z,|Y) < prYOYE 2 + ... + E[ Z]),
where 1 <71 =mn()\) < co is a constant, and 7 < 2 if A < 2 (Petrov 1995, p. 82-83).

Proof of Lemma 1(i). Note that Xy and X;» are independent when ¢’ and 7" belong
to two different blocks ’7;.(,2) and 7;(,,2) Thus,
2
ieT®

Soj—1in = {(G—Dki+ (G—1)m; + (h—1)m; +1, ...,
((j=Dk;i+ (J=1)my + hmy) A (ks + (F—1)m;) Ang}.

w&WW%ZE

12 jeg®

Define

Further, define
T = {i:01€8, 1,1 and i€ Syy,0},5€ TP and h=1,...,1,
where [ < (ky +my — 1)/mq, and
(2) _ . 7(2) (2)
Uig =N 7;',h < U 7;',94-2(1‘—1)
frg+2(f-1)<L, f21

By Inequality A with A =2 and r = 2, Inequality B with A=2 and r = ]Z/{J(i])], and
Inequality A with A=2 and r < M, respectively,

)

g=1 (2) ; -7(2)
heujyg 7'67;',11

maB[(XP)) = —— S B

n
L2 seqm
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BED)

heu(?) ieT)

< 167-(2) >

4m1 zj:izz

n1,2
’ @)
€75

| /\

< — ;i
2

e %

I/\

2/(2+9)

< 4m1,2(k1 +mi + nl)(mg + n2>k1m2

- n1.2(ky + my) (k2 + my) ) (18)

where the last inequality follows from (2) and the inequality ]'7??[ < kymy. Likewise,

)

— 4m (m1 + nl)(kg + mo + TLQ)/CQTnl 2/(2+

ny o E[(X3)?] < L2 , 19

1,2 [( n ) ] = nl,g(k1+m1)(k2+m2) ( )
_ 4m? + 1) (mg + ng) 2 F0)

n1’2E[(X,,(L4))2] S 1,2<m1 1)( 2 2) kY (20)

n 2<k1 + ml)(kg + mg)
By the assumptions on k; and ny, h = 1,2, we see that ny , E[(X®)?] - 0, [ = 2, 3,4,
and so /M2 _T(Ll) LN 0,1=2,3,4,as kp/ny — 0 and ky,np — 0o, h =1,2. O

Proof of Lemma 1(ii). By the Cauchy-Schwarz inequality, and inequalities (4) and

4 2
= Y| = ma|E (Z Xr(zl)> - E[(X)’]
=1
4 4 4
=nip | Y BIXD) ) -2) " Y BXPXY)
1=2 =1 j=l+1
~ 4 4 B B 1/2
< ma Y EI(XO?) +2m, 30 Y (BIROIEIES))
1=2 1=2 j=l+1
4 2 1/2
+2n15 ) (E X.=> X0 E[X(j)]2>
j=2 1=2
4 4 4
< S BRIP4,y S (BIXVPERG?)
1=2 1=2 j=l+1
4 4 1/2
+8nm12 Y ((E[X?.] +) E| ‘,9]2) E] ‘nﬂ]?) — 0,
=2 1=2



as ky/np — 0 and kp,np — 00, h =1,2. a

Proof of Lemma 3. By the inequalities |¥(z)| < [z[*™*, if |2 <1, 0 < p< 1, and
le* =1 <[],

2
|U(2)| < |2 Ifjz1<1y + <\ez — 1|+ |2| + |—-2|—> Iz51y < 42777 (21)
Thus, by (21) and Inequality A,
24p
4d1 2 . ( b1 2 ) 1/2 —
R,| < — i — X;—
[Fin| < b1 2 ]g;‘n n1,2k1 2d1 2 zeZB,(
2+p

+ (k1,2|X..])2+”>

24 _
g 162Ky 2b1 2. X 2\ T/
+dyo | ————————
n1,2d1,2

dio [ 16t2b, P2
< 22 (2P0 12 X.J
T bip <n1,2/€1,2d1,2 Z XB:
J

JETn ( i€

di2 ( 16%b; 5 >1+p/2 E : E
- b1}2 ”1,2k1,2d1;2 i€B;
J

J€In

= RY + R®)| say.

If we choose p such that 0 < p<§ A1, then by the Lyapunov inequality, F[|X;|***] <
(B[ X;|>+0))@+e)/2+6) < £(2+2)/CH0) = Thig implies that a modified version of Lemma
2(ii) can be used, i.e., we can use Lemma 2(i7) with § and 75 replaced by p and

T§2+p)/(2+6), respectively. Hence, if ky > my, h=1,2,

B[R] < (16t Dy 5002 (b, ) 25— 0, (22)

as ny,ny — 0o, and if ny, > my, h=1,2,
E[RD] < [16t|2+2r 3P 0y 2 (k) 5by o /02 ,) 0 2d 8 — 0, (23)
as ni,ng — 00, which implies that R, Li0as Ny, Ng — 00. O

Proof of Lemma 4. Define fi= fi—p=X.., 75y =F5, —7i, = Xiy /10 — [y 12=1, ..., N2,
and ¢;, =6, —c¢;, =X;,./no—fi, 17=1,...,n1. By inequality (21) and Inequality A,

b12 1/2
s X;—p—"7;,—6; ) 1;
Z ( <n12k12d12> Z( H ? 1) )

JEITn i€B;

2+p

R <
IIb12

2+p
d 16t2b L+p/2 16£2k: b ~2 1+p/2
12( 1,2 ) Z ZXiIi +d1)2< 1,201 204 )
T bio \nigkiadio i |ics, Ny 2d1 2
n J
2+p

dy s < 16t2b; )””/2 _
+ = —F—- 7. 1;

b1,2 n1,2k1,2d1,2 j; Z.EZB: 2

n J
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24p

> ad;

i€B;

+d1,2< 1612b; 5 )””/2

b1,2 n1,2/€1,2d1,2

JE€EITn
= RV + R? + R® + RW | say.

From (22) and (23) we see that RM I, 0, h=1,2, as ny,ny — oo. By Inequality A
and Lemma 1 we have, for 11 =1,...,nq,

244
:l < 9l+d <E + E”/:Ll2+5]>

< 9l+d (Tén(8m1>1+6/2 7577(64m1,2)1+6/2> < 75m(256my 2) /2

1+6/2 1446/2 1446/2 J
ny LS®) LG

2+4

Ellf,[**) = E —p

‘ X,

ny

X.iy
n

(24)

and thus, by the Lyapunov inequality, E|f;,|*™ < (150)3F0)/ (249 (256m, o/ny ) T0/2.
By Inequality A and Lemma 2(¢), with p instead of ¢, 7;, instead of X;, and with
(75m) 2P/ (2H0) (256m, 5 /1) /2 instead of 75, we get (assuming ky > my),

1 j1+k1—1 | jatka—1 24p
dl 2k1+p 16t2b12 +p/2 Jitk1 J2tke i
BlRY) < S ( — 2 Tuli
1,2 N1,2R1,2012 A, in=

< (215t2m2m1,z)”"/2?7(7577)(””)/(2”)(bl,zkl/(nl,ml))1+”/2d1_,§/2 — 0, as ny,npy — 0,

which implies that Rg’ ) 250 as ni, ng — 0o. Likewise, Rgf N 0, and so the desired
result follows. O
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